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Abstract 



This thesis consists of two parts which share only a shght overlap. 

The first part is concerned with the study of ideals in the ring 
C°°{M, R) of smooth functions on a compact smooth manifold M or 
more generally submodules of a finitely generated C°°(M, M)-module 
V. We define a topology on the space MdiV) of all submodules of V 
of a fixed finite codimension d. Its main property is that it is compact 
Hausdorff and, when V = C°°(M, M), it contains as a subspace the 
configuration space of d distinct unordered points in M and therefore 
gives a "compactification" of this configuration space. We present a 
concrete description of this space for low codimensions. 

The main focus is then put on the second part which is con- 
cerned with a generalization of Vassiliev's h-principle. This prin- 
ciple in its simplest form asserts that the jet prolongation map 
jr . y"^ ^ r( J''(M, V)), defined on the space of smooth maps 

from a compact manifold M to a Euclidean space V and with target 
the space of smooth sections of the jet bundle J^{M, V^), is a coho- 
mology isomorphism when restricted to certain "nonsingular" sub- 
sets (these are defined in terms of a certain subset R C J'^[M, V)). 
Our generalization then puts this theorem in a more general setting 
of topological C°°(M, ]R)-modules. As a reward we get a strength- 
ening of this result asserting that all the homotopy fibres have zero 
homology. 
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CHAPTER 



Introduction 

The history of h-principles (homotopy principles) goes back to Smale who classified 
in [Sma] immersions of spheres into a Euclidean space up to regular homotopy and to 
Hirsch who generalized Smale's work to immersions M ^ N between any manifolds 
(in [Hirl] for dimM < dim and in |Hir2] for dimM = dim with M open). More 
elaborated h-principles can be stated as follows. Let R C J^(M,N) (corresponding 
to jets of immersions in the preceding) and let us consider the set 

TR := {s e T{r{M, N)) \ ims C R} 
of those sections of the jet bundle J^{M, N) — > M whose image lies in R. The subset 

Thoii? := {ff eVRlfe C^{M, N)] 
of holonomic sections can be clearly identified with 

{/ G C°°(M, N) I fj e Vx e M} C C°°(M, A^) 

and this identification is in fact a homeomorphism. A (parametric) h-principle for R 
generally asserts that the inclusion Fhoi-R > Ei? is a weak homotopy equivalence. The 
statements about the set of immersions up to regular homotopy are then translated 
into ones about ttq. In |Groj Gromov proved that the h-principle holds for any open 
DiffM-invariant R provided that M is open. 

Eor the case of compact M the situation is more complicated and in fact the h-principle 
for immersions between manifolds of the same dimension does not hold. A partial 
result for maps M ^ V into a Euclidean space V is given in |Vasj : Vassiliev proves 
that if R is open and if its complement is a semialgebraic DiffM-invariant subset of 
codimension at least dim M + 2 then the inclusion Fhoi-R — > Ei? is a cohomology iso- 
morphism. Moreover he constructs a spectral sequence converging to the cohomology 
of these spaces. 

The purpose of this thesis is to generalize this theorem in few ways. Our proof is 
based upon interpolation theory and transversality theory. Both these work in a more 
general setting than C°°(M, V) and allow us to construct Vassiliev's spectral sequence 
for the homotopy fibres of the inclusion Ehoi-R Ei? proving that they are acyclic 
(have zero homology). This is again under the assumption that the codimension of 
the complement of R in J'^{M, V) is at least dimM + 2. 

Our setting is that of topologically finitely generated affine C°°(M, ]R)-modules (topo- 
logical quotients of free C°°{M, ]R)-module of finite rank). A "representation" of such 
a module V on an affine bundle — >^ M is a special map : V — > TE which enables 
us to determine whether an element f G V "lies in" an open subset R ^ E: let us 
call V regular if (p{v) O R. Then we can consider the subset of all regular v and ask 
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what its homotopy type is (or homology groups in our case). The space Fhoi-R is the 
space of regular elements for 

f ■■ Whoi = C7-(M, V) r( J^(M, V)) 

and TR the space of regular elements for 

id : w = r(r (M, V)) r{r{M, v)) 

Interesting examples of topologically finitely generated affine C°°{M, ]R)-modules arise 
as affine submodules of Whoi of functions whose r-jets along a submanifold (for ex- 
ample along the boundary or at a point) are fixed and the corresponding affine sub- 
modules of W. 

Returning to the general case we denote for simplicity by A the complement of R in 
E, hy the composition V ^ TE E^ for x E M and by Va the set of regular 
elements. Our main theorem (Theorem EH] in the main text) can be stated as follows: 

Theorem. Let M be a compact smooth manifold, let a : U V be an affine 
C°°{M,M.)-homomorphism between two topologically finitely generated affine 
C°°{M, W) -modules, let : V TE be a "representation" on an affine bundle E —>■ M 
and A E a manifold stratified subset of codimension at least dim M + 2 such that 
outside the se£| 

M = {x E M \ {ipa)x is surjective} 
we have imy^a; fl A = 0. Then each homotopy fibre hofib^a^ of the restriction a a '■ 
Ua ^Va of a to the sets of regular elemets is acyclic, i.e. if*(hofibt,aA) = 0. 

Now for the actual contents of the thesis. The first chapter is concerned with the 
interpolation on smooth manifolds. All that is required for further chapters is the 
first section which guarantees an existence of a finite dimensional linear subspace in 
any finitely generated C°^(M, ]R)-module V that is transverse to all submodules of 
a fixed finite codimension. In the case of the ring C°°(M, M) itself we have special 
submodules/ideals for points xi, . . . , G M: 

{f:M^R\j:j = ---=j:j = 0} 

For a subspace D C C°°{M,M.) to be transverse to this ideal is equivalent to the 
multi-jet evaluation map 

ijk , • • • , J : C^iM, M) ^ (M, M) X . . . X (M, M) 

being surjective when restricted to D, i.e. given any collection of r-jets at points 
Xi, . . . ,Xn there is a function lying in D that realizes them. This is the way the 
interpolation property is used in the main proof. 

The remainder of Chapter [T] is devoted to studying the space of submodules of V of 
a fixed finite codimension. Generalizing Glaeser's article |Glaj it is given a canonical 
topology making it into a compact Hausdorff space. We present a few examples show- 
ing what this topology looks like. We also include a criterion for an C°°{M, ]R)-module 
to be topologically finitely generated justifying the above example of submodules with 
fixed r-jets along a submanifold. 

""^This (a bit technical) condition is justified by the example of maps with a fixed r-jet along a 
submanifold where one could allow only jets in R = E — A. 
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The second and the third chapters are preparing the ground for the construction of 
the main spectral sequence. 

In the fourth chapter, assuming that the codimension of A in E' is at least dimM+ 1, 
we derive the main spectral sequence for the homology of Va and show that it con- 
verges if this codimension is at least dimM + 2. As promised we use the interpolation 
theory of (the first section of) Chapter [1] and the transversality theory of Chapter [31 

In Chapter [5] we construct the homotopy fibre of the map as the space Waxi of 
regular elements in some topologically finitely generated affine C°°{M x J, ]R)-module 
W equipped with a representation W —>■ T{E x /) on the bundle E x I —>■ M x I. 
This allows us to apply our spectral sequence on it and finally in Chapter O prove our 
main result. 



CHAPTER 1 



Interpolation on smooth manifolds 

Let us first state clearly that this chapter is based on the article |Gla] of Glaeser. 
In a sense it is just a (nontrivial) generalization of the ideas of this article from 
parallelepiped in to general compact manifolds. The main structure of the proof 
of the compactness of the space of ideals (or more generally submodules) remains the 
same although at some point one has to come up with a new approach as Glaeser's 
proof is very "affine" . In the first section we gather well-known facts about the ideals 
in the algebra of smooth functions. The results in subsequent sections are original. 

In this chapter let M be a compact smooth manifold, TZ = C°°(M, M) the ring of 
smooth functions on M. We will be considering finitely generated 7^-modules V and 
their submodules of a fixed finite codimension d over M. Our ultimate goal is to endow 
the set Mrf of all such submodules with a topology. It will be compact Hausdorff. 
Together with we will also topologize 

Ed = {iB,w) weV/B} 

in such a way that the canonical projection map E^^ M^^ will become a vector 
bundle. If V is a topological 7^-module and it is topologically finitely generated then 
the map 

V X Mrf ^ Erf 

sending {v,B) to {B,v + B) is a continuous homomorphism of vector bundles. This 
is certainly a property one would require from any such topology. 

To demonstrate other properties let us now specialize to the case V = 7^ so that 
is the set of all ideals of TZ of codimension d. For any set y C M consisting of d 
points one has an ideal 

my := {/ G 7^ I f{y) = for all y eY} 

and easily my G M^. In this way one can embed into the configuration space 
M^'^ of d distinct unordered points in M 

For our topology on this inclusion map is a topological embedding and therefore 
one can think of ClS db "compactification" of M^"'!. 

There is an inverse procedure of associating to each / G an unordered rf-tuple of 
points in M. However for ideals not of the form my these points do not have to be 
distinct and therefore this procedure yields a map 

wsp : Md M'^/^d 
4 
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We call wsp(-B) the weighted spectrum of B. For any reasonable topology on M^^ this 
map should be continuous as well. This is indeed the case for our topology. 

Let us try to indicate now how we construct the topology on M^. If V was finite 
dimensional we could simply think of as a subset of the Grassmannian manifold 
Gd{V) of linear subspaces of V of codimension d. This is of course almost never the 
case. On the other hand suppose that there is a finite dimensional linear subspace 
D C V that is transverse to each B G M^. Then the intersection with D produces a 
map 

from Mrf to the Grassmannian manifold of codimension d linear subspaces of D. If 
this map is moreover injective one can give the subspace topology. The key step 
is therefore to show that there is a transversal D for which the map Md — > Gd{D) is 
injective. This is the first section and it is rather elementary. It starts by describing 
the structure of submodules of a given 7^-module V so that one is able to understand 
this transversality condition. At the end of the section we produce a transversal. 

In the second section we derive an "interpolation formula". The idea is that if D 
is transverse to some submodule B G M^^ then for each v e V there is some d E D 
such that V = d modulo B. Therefore one can "interpolate" elements of V "at B" by 
elements of D. Moreover if we assume that the dimension of D is precisely d there 
is exactly one such interpolation. Intuitively D should then be also transverse to all 
submodules that are close to B and one should get a continuous interpolation map 

V X Nbhd(fi) ^ D 

A problem is that Md does not posses any topology so far and so we cannot talk 
about a neighbourhood of B. However we have a topology on M'^/'Ed- Using locally 
the affine structure of M we construct a continuous interpolation mapQ 

V X Nbhd(r) ^ D 

where Y G M"^ /T^d is the weighted spectrum of B. It serves as a tool both in the 
proof of the compactness of and in the proofs of its main properties. 

The third section is dedicated to describing the topology of yidilZ) in some special 
cases (codimensions 1, 2 and 3 and the case of one-dimensional manifolds). Along 
with these examples two general theorems are proved, the first of which states that the 
inclusion of the configuration space into M^^ is a smooth embedding (as was already 
mentioned above). The second theorem is concerned with the set of all ideals / with a 
fixed isomorphism type of the quotient algebra TZ/I. These ideals possess a structure 
of a smooth manifold (as was proved in |AIo| ) and the content of our second theorem 
is that they form an immersed submanifold in M^^. As a set is then a disjoint 
union of these submanifolds. 

One of the important notions that turn up in the course of this chapter is the following. 
An 7?.-module V is topologically finitely generated if V is a topological quotient of 
a free 7^- module of finite rank (with its canonical topology). In the fourth section 
we give a simple criterion for an 7?.-module to be topologically finitely generated. It 

""^One has to specify what an interpolation property with respect to elements of Af "^/Sd means. 
It forces taking a slightly bigger D and as a result there is no preferred/unique interpolation map. 
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suffices for it to be locally topologically finitely generated. As an application we give 
some examples of topologically finitely generated modules. 

Finally in the last section we briefly discuss the results for non-compact manifolds. 
This is still a work in progress and as a result almost no proofs are included. 

1.1. The structure of submodules of V 

For the flrst few results we do not need to restrict to flnitely generated modules, hence 
we assume now that V is any 7?.-module. We investigate the structure of submodules 
of V, first looking at the special case of ideals of the ring TZ itself. 

Lemma 1.1. The maximal ideals in TZ are identified with points in M. For a point 
X & M the corresponding ideal is 

:= {/ : M ^ M I f{x) = 0} 

Proof. To prove that rrij; is maximal it is enough to observe that it is the kernel 
of the evaluation homomorphism ev^ : 7?. — > R and that R is a field. 

On the other hand suppose that / is a proper ideal and we will prove that there is 
X & M such that / C m^;. Assume on the contrary that no such point exists. Then 
for every point x there is a function G / such that 7^ on a neighbourhood Ux 
of X. Replacing by /J if needed we can assume that each is nonnegative. By 
compactness there is a finite set {xi, . . . , Xk} C M such that C4i, . . . , cover M. 
Therefore f = fxi + ■ ■ ■ + fxk & I is nonzero on M and consequently a unit in TZ, a 
contradiction to the properness of /. □ 

For any ideal I QTZ the spectrum of / is defined to be the closed subset 

sp(/) :=nr'(0) 
fa 

The previous lemma then says that it can also be described as the subset of those 
points a; G M for which / C m^:. For any closed subset A C M we denote by the 
ideal of functions which vanish on a neighborhood of A. The quotient TZ/xia is then 
the ring of germs at A of smooth functions on M. 

Lemma 1.2. Let I Q TZ be an ideal and A (1 M a closed subset. Then 

sp(/) CA ^ C / 

Remark. If we define to be the ideal of functions vanishing on A then also 
A C sp(/) if and only if / C xua- Both these statements can be phrased as adjointness 
of the respective functors. 

Proof. Let / G be any function M — > R vanishing on a neighborhood of A. 
We set C = supp(/) and we have 

CCM-A 

We can cover C by open subsets Ui for which there is gi E I that is positive on Ui. 
By the means of a partition of unity we can glue them to get a function g & I which 
is positive on a neighborhood of C. Then f — -g expresses / as an element of /. □ 
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Lemma 1.3. Let A and A' be closed subsets of M. Then the following holds 

(i) XlA n XlA' = riAuA' 

{ii) xva + riA' = riAnA' 

Proof. The part [i) is obvious and so is the inclusion C in the part {ii). Hence 
let / e riAnA', A = An supp(/) and A' = A' n supp(/). As i n = we can find a 
function A G 7^ such that A = on a neighborhood of A and A = 1 on a neighborhood 
of A' . Then clearly A/ G and (1 — A)/ G n^' and so 

/ = A/ + (l-A)/Gn^ + n^, 

□ 

Lemma 1.4. Let I and I' be ideals with disjoint spectra and B C V any submodule. 
Then 

ii) ir = in r 

(ti) irv = /V n rv 

{iii) B + irv = {B + IV) n{B + rv) 

Proof. Obviously (Hi) is the most general case. We give here only the proof 
of {ii) for the simplicity sake. Let us denote the spectra of / and I' by A and A' 
respectively. The inclusion C is obvious and 

IV n I'v = {ua + XlA') {IV n I'V) = n^(/v n I'v) + n^/(/v n I'v) 

C xxaI'V + ua'IV C I I'v 

(the first equality follows from Lemma [1.31 and the last inclusion from Lemma \1.2\\ . 
The proof for i? ^ follows the same idea. □ 

Let B (IV he any submodule. One has an ideal {B : V) of TZ defined by 

(5 : V) := {/ G 7^ I /V C B} 
Alternatively, it is the kernel of the action map 

7^ ^ End{V/B) 

We define a spectrum of B (inside V) to be the spectrum of the ideal {B : V) and 
denote it by spi;(-B) or simply by sp{B). 

Lemma 1.5. Let B (l V be a submodule and A ^ M a closed subset. Then 

sp{B) CA ^ xxaV C B 

Proof. This is clear as UaV C 5 if and only if n^i C (5 : V) if and only if 
sp(i?) = sp(i? : V) C y4 according to Lemma [1.2[ □ 

Our next goal is to decompose and thus simplify the submodules of V. First we need 
yet another lemma. 

Lemma 1.6. Let B and B' be submodules ofV. Then the following holds, 
{i) IfBCB' then sp{B') C sp{B) 
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(ii) sp(5 n B') = sp(fi) U sp(fi') 
(m) sp{B + B') C sp(5) n sp(5') 

Proof. To prove (i) one observes that (-B : V) C (5' : V) and so 

sp{B') = sp{B' : V) C sp{B : V) = sp{B) 

For the inclusion C of (ii) let us denote A = sp(-B) and A' = sp{B') so that (using 
Lemma 11.51 in both directions) 

riAuA'V C uaV n xiA'V CBnB' sp{B nB') CAuA' 

The remaining claims are trivial consequences of (i). □ 

Corollary 1.7. If Bi, . . . , B^ are submodules of V with pairwise disjoint spectra, 
then they are in general position, i.e. 

Si + (5i n ■ ■ ■ n fi^ n • ■ ■ n s„) = V 

□ 

Let i? C V be any submodule whose spectrum is a disjoint union A = AiU ■ ■ - U An 
of closed subsets Ai C M. Then according to Lemma 11.41 Lemma 11.31 and Lemma 
11.51 one has 

{B + UA.V) n ■ ■ ■ n (5 + nA„V) =B + nAV = B 
We observe that (by Lemma II. 6p sp{B + Ua^V) C sp(i?) H Ai = A^ while on the 
other hand A = sp{B) = [jsp{B + riAiV) so that sp(-B + nA^V) = Ai and the 
submodules B + xia^V are in general position. We will now prove the uniqueness of 
such a decomposition. 

Lemma 1.8. Let Bi, . . . ,Bn be submodules of V with disjoint spectra Ai, . . . , A^, let 
B = Bin---nBn. Then B, = B + n^.V. 

Proof. We have 

B':=B + xiAy CB, + riA^ = Bi 
Suppose now that B^ ^ Bj for some j. Because B^ are in general position we get 

s-'' + (fii n • ■ ■ n Si n • ■ ■ n 5") = V 

and therefore 

B = B^ n ■ ■ ■ n B""^ Bj n {B^ n ■ ■ ■ nB~j n ■ ■ ■ n B"") c Bi n ■ ■ ■ n Bn = B 

a contradiction. □ 

We will now apply these ideas to submodules of finite codimension over M. We fix 
an integer d and denote the collection of all the submodules of codimension d by 
Md = Md(V). First observe that the spectrum of any such submodule is finite. This 
is obvious for ideals I C 71 as for any collection . . . ,?/„ G sp(/) of distinct points 
one can find functions /i, . . . , /„ such that fi{yi) = 1 and fi{yj) = if i 7^ j. The /j's 
are obviously linearly independent and hence their span is an n-dimensional linear 
subspace that clearly intersect / trivially. If _B G M^(V) then 

(5 : V) = ker(7^ ^ End(V/5)) 
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is an ideal of finite codimension and hence sp{B) = sp{B : V) is finite. 

Denoting the spectrum of i? by F = {yi, . . . , y„} we get the decomposition 

i? = (i? + n,,V)n---n(5 + n,„V) 

where the submodules B + xiy^V , . . . , B + ny,y are in general position and hence 

dimV/5 = dim V/(S + ny^V) + ■■■ + dimV/(5 + xXy^V) 

We set ki = dim V/(-B + xiy.V) and we see that the spectrum of B has more structure 
if B has finite codimension: each point yi in the spectrum has associated a weight ki 
with it. 

We define a space Srf(M) (where these more structured spectra will be defined) by 

S,(M) := M7Srf 

and give it the quotient topology. Very often we abbreviate Srf(M) to S^. The space 
Sd consists of unordered collections of d not necessarily distinct points in M. If 
yi, . . . ,yn are all the points in such a collection Y and if each yi appears in it exactly 
fcj-times then we say that ki is the weight of yi and use an alternative notation 

Y = {iyuki),---,iyn,kn)} 

We call \Y\ := {yi, . . . ,y„} the support of Y. There is a weight function \Y\ Z+ 
associating to each point yi its weight ki and by the definition the total weight YI 
is d. Therefore we also call Y a set of points with weights. 

Hence with every submodule i? C V of finite codimension d there is associated a 
canonical set of points with weights F G whose support is the spectrum of B (and 
whose total weight is d). It is called the weighted spectrum of B. 

On the other hand if F = {(yi, fci), . . . , (y„, kn)} G we define an ideal my C 7^ by 

my = {my,f' ■ ■ ■ {myy- = {my,)''' n ■ ■ ■ n (m^.J'^" 

(with the equality guaranteed by Lemma [L^ and hence also get submodules myV C 
V. They need not be of finite codimension unless V is finitely generated. We will see 
later that for a finitely generated V they do have a finite codimension. 

Lemma 1.9. Let B O V be a submodule of finite codimension with weighted spectrum 
Y. Then xxiyV C B. 

Proof. Let us first prove the lemma in the case Y = {{y,k)}. We set I = {B : V) 
and note that by our assumptions / is contained only in one maximal ideal, namely 
in m^^. We have a fc-dimensional 7?.//-module V/B and hence 

{myr^\V/B) = (raynV/B) 

for dimensional reasons. Now we apply Nakayama's lemma (see for example [Lanj ) 
to conclude that (myfiV/B) = 0, i.e. (my)'=V C B. 

In general when \Y\ = {yi, ...,?/„} we use the decomposition 

B = {B + uy.v) n • ■ • n (fi + ny,y) 

and Lemma [1.41 to reduce the proof to the case n = 1. □ 
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Lemma 1.10. For (my)'' the following holds 

{My)' = {fen\ fy-'f = 0} 

and it is a finitely generated ideal. 

Proof. The inclusion C is obvious from the product formula for the derivative. 
Hence let / e 7?. be such that jy~^f = 0. Let A : M — M be a function which is sup- 
ported in a coordinate neighborhood around y and is identically 1 on a neighborhood 
of y. Then 

/ = A-/+(1^A)-/ 
where the second summand is in ttj, C (my)'' so it remains to show that the first 
summand g — \ - f lies in the same. Note that jy~^g — as f and g agree near y and 
thus we can write in the coordinate chart 

^ dimM 
ii,...ifc=l 

with aii...ij. smooth. If p : M — > R is any function that is identically 1 on a neigh- 
borhood of supp(A) and is supported in the above coordinate chart we get smooth 
functions Xi = p ■ Xi extended by to M and similarly ai^...i^- Clearly on the whole 
whole of M we have 

^ dimM 
ii,...ik=l 

and moreover we see that (rrij,)'^ is generated as an ideal by 1 — A and the functions 

•^ii ' ' ' -^ik ■ ^ 

Note. Last lemma is not true in the case. As an example, let M = M and 
r = 1, then any element of mo can be written in the form f[x) = a{x)x with a{x) 
continuous. Hence any element of (rrio)^ can be written in the form f{x) = a{x)x'^ 
with a{x) continuous again. In particular for any such function the limit 

M 

exists. Certainly, the function g{x) — x\x\ is and 

^(0) = ^'(0) = 

but 



lim^^ = lima(a;) = a(0) 



hm '^'^ 



does not exist. 



Lemma 1.11. For any set of points with weights Y = {{yi, /ci), . . . , {yn, kn)} the fol- 
lowing holds 

my = {/ e 7^ 1 4r V = • • — Jir'f = 0} 

In other words my is the kernel of 

Uyl''^ ■ ■ -Jt'T • ^ Jyr'(M,R) X • • • X JJ:-^(M,R) 
Moreover it has a finite codimension in TZ and it is finitely generated as an ideal. □ 
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To proceed further we need to specialize to the case of finitely generated V. If E' is a 
finite dimensional real vector space, it induces a free 7?-- module TZ® E = C°°{M, E) 
which we will abbreviate to TZE. We will call V topologically finitely generated if there 
is a surjective 7^-module map TZE V that is a continuous quotient map, i.e. such 
that the topology on V is the quotient topology induced by this map. This notion 
will be important later. 

Corollary 1.12. IfV is finitely generated then so is every B G M^. 

Proof. Let Y be the weighted spectrum of B. It is clear that when V is finitely 
generated then my V has a finite codimension (an easy consequence of the case V = 1Z 
from Lemma ll.lip . The statement then follows from the fact that myV is finitely 
generated and its codimension in B is finite. □ 

Let D be a linear subspace of an 7^-module V. We write D fh Mrf(V) or just D rh 
if D is transverse to every element of M^, i.e. to every submodule of V of codimension 
d, and D iti S(i(V) or just D iti if Z) is transverse to all submodules my V, whenever 

If V is finitely generated we construct a finite dimensional linear subspace D fh 
(and hence also D (ti M^). First we find this subspace locally in the case V = TZ. 

Lemma 1.13. Let M = M™. There is a finite dimensional linear subspace D (1 TZ 
satisfying D &i Sd- 

Proof. Let D be the linear subspace of TZ of all polynomials — » M of degree 
at most d — 1 and let y G be any set of points with weights. As the projection 
TZ — > TZ/m-Y can be identified with the jet evaluation (see Lemma [1.111) 

7^ — > J^l-\R"',R) X ■ ■ ■ X J^^-\W"',R) =: Jy(M'^,M) 

we need to show that the composition 

DCTZE^ Jy(M™,M) 

is surjective. We identify the jet spaces J^'~^(]R™', M) with the truncated polynomial 
algebra of polynomials ^ M of degree at most /cj — 1 in such a way that the 
polynomial p corresponds to the jet jy^^p{x — yi). This translation ensures that the 
identification is an isomorphism of algebras. To prove surjectivity let 

(0,...,0,pi,0,...,0) G Jy(M'",M) 

We choose a linear form a : M which is injective on the support \Y\ and 

consider the following polynomial 

q{x) = Y[{a{x) - a{y,)p 

By construction q{yi) ^ and thus q{x + yi) is invertible in the truncated polynomial 
algebra. Hence we can find a polynomial r{x) of degree at most fcj — 1 such that 
q{x + yi)r{x) = Pi{x). This product corresponds to the jet jy^~^{q{x)r{x — yi)) and 
so q{x)r{x — ^j) G -D is a preimage of (0, . . . , 0,pj, 0, . . . , 0). □ 
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Theorem 1.14. Let M be any compact manifold. Then there is a finite dimensional 
linear subspace D CTZ for which D (\] Sd- 

Proof. Let us choose an embedding l : M V of M into a Euclidean space V 
and note that the canonical map 

L* : C°^{V,R) — > C°°(M,M) 

is surjective (i.e. any smooth map M M is extensible to V). By Lemma [1. 131 there 
exists a finite dimensional linear subspace D C C°°{V, M) such that D rtl Sd{V). Then 
we claim that l*D = {fi \ f e D} satisfies l*D rh Sd(M). This is verified by the 
commutative diagram 

D ^ > C^{V,R) » J,(Y){V,R) 

D ^ > (M, M) w Jy (M, M) 

The composition across the top row is surjective and therefore so must be the com- 
position across the bottom one. □ 

Theorem 1.15. Let M be a compact manifold and let V be a finitely generated TZ- 
module. Then there is a finite dimensional linear subspace D C V for which D rtl S^. 

Proof. First we give a proof in the special case V = TZE of a free 7^-module of 
finite rank. By Theorem 11.141 there exists a finite dimensional linear subspace D' (ITZ 
such that D' &i Sd- Clearly 

D := D' ®E C'}Z(^E = '}ZE 

does the job as xxiy'R-E = xny^E. In the general case let ip : TZE ^ V be any surjective 
map of 7?.-modules. As we just saw there is a Z) C TZE such that D rtl SdiJlE). We 
claim now that ^{D) rtl Sd(V). Hence let Y G S^. Then 

B = v9-^(myV) = myTZE + kenp 
and so D + B = TZE. Therefore 

^{D)+myV = V 

and indeed D = ip{D) (h Sd{V). □ 

Let us fix a finite dimensional linear subspace D C V. Then there is the following 
adjoint pair of functors between posets 

Fp 

{linear subspaces of D} ^ {7^-submodules of V} 

Ud 

where Fd maps L C D to the 7^-submodule TZL generated by L while Ud maps 
B CV to B nD. 

Proposition 1.16. IfD rti M^+i then FoUDlMa = id- In particular UdIm^ is infective 
and if B' and B" are submodules of codimension at most d then 

B' c B" ^ DnB' c on B" 
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Proof. Let B G M^. For brevity we denote 

B = n{D n fi) = FdUd{B) 
and let us assume that B ^ B. We choose a maximal submodule B with 

S C C 5 

which is possible by the finite generation of B. By maximality B/B = TZ/xxiy for 
some maximal ideal and in particular B G M^^+i, hence D (f) B. By transversality 
then DnBCDnB'^DnB. This is a contradiction with the triangle identity 
UdFdUd = f/z) for the adjoint pair (Fq, Ud)- 

The second claim follows for in that case B' = F£)Ud{B')^ B" = FoUoiB") and both 
Fd and Ud preserve inclusions. □ 

Remark. Mere D iti Vid would not be enough for injectivity of Ud as the example 
of polynomials — M of degree at most d — 1 shows. 

Proposition 1.17. If D C D' are finite dimensional linear subspaces ofV such that 
D rh Md then the map 

sending a subspace L C D' to its intersection with D is continuous where both spaces 
are given the subspace topology from the respective Grassmannian manifolds of sub- 
spaces of codimension d. Also the map of the canonical d-dimensional bundles (with 
fibres D'/L over L and corresponding fibre D/{D fl L) over the image DHL) is 
continuous. 

Proof. Let V C Gd{D') be the subset of subspaces of D' of codimension d 
transverse to D. Then the map V Gd{D) sending L to D fl L is continuous (even 
smooth) and the map from the statement is just its restriction to the subset f/^'M^. 
The same works for the canonical bundles. □ 



1.2. The topology on 

It turns out that one of the most important tools in the proofs in this section is an 
existence of a continuous interpolation map. It is a map A : TZ x ^d ^ F) (for some 
D iti Sd) with the property A{f,Y) = f modulo my. By definition for each f E 71 
and y G such an A{f, Y) exists but there is no obvious choice and in particular 
it is not obvious that there is a continuous way of choosing it. For example if D is 
the space of polynomials of degree at most — 1, we constructed an interpolation 
in the proof of Lemma 11.131 However as the following example shows it fails to be 
continuous. 

Example 1.18. Let M = F„ = [(0, 0), (-1/n, 1/ra), (1/n, 1/n)]. Let us consider 
the function f{x, y) = y and let us construct the interpolations in the space D of 
truncated polynomials of degree at most 2 by the method from the proof of Lemma 
11.131 with respect to a{x,y) = x which clearly is injective on each y„. Easily 

Pn{x,y) = ■ (x + l/n){x — 1/n) + n/2 ■ x{x — 1/n) + n/2 ■ x{x + 1/n) = nx"^ 
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and therefore p„ does not converge in D. In fact tliere is no clioice of a which would 
produce a convergent sequence. □ 

In the last example it is very easy to produce a convergent interpolation sequence 
(after all / G -D, so we can as well take Pn = f)- The following construction is one 
way how to construct canonical interpolations in the local case M = M™. 

Let / : M"^ E he a smooth function. If {xq, . . . ,Xr) G (M"^)''+^ we denote by 
[xq,. . . ,Xr] : A'' — > the unique affine map sending the vertices of the standard 
r-simplex to Xq, . . . ,Xr- It is obvious that this gives a bijective correspondence 
between (M'")''"'"^ and affine maps A'' W^. We will denote a general affine map 
A*" — > M™ by a, if we do not want to emphasize the values at vertices. By embedding 
it linearly into W we give A*^' the Lebesgue measure in which the volume is 1. Then 
we are able to define unambiguously 

J(/, a) e Hom(^^M'", E) 

a symmetric r-form on M."^ with values in E to be 

where /'^''^ : M™ — >■ Hom(5'''M"', E) denotes the r-fold derivative of /. In an obvious 
way by omitting Xi we get diO : /V~^ — > R"* and thus forms 

X(/, dia) e RomiS'-^R"", E) 

Lemma 1.19. For any smooth function g : — >• E and for any a = [xq, . . . ,Xr], the 
following holds for < i, j < r 

/ = ^ ( / 9{di<7) - / g{dja) ) 

where g'^.-xi denotes the derivative of g in the direction xj — Xi. In particular by 
taking g = f^'^~^^ we have 

^{f:Cr){vi, . . .,Vr-i,Xj - x,) = r{I{f,dia) -I{f,dja)){vi, . . .,Vr-i) 
Proof. Define a map 5 : A^-^ _^ /^r 

Cq, . . . , Ci, . . . , Cj , . . . , 6j.] 

where e„ are the vertices of A''. We think of A^~^ as a convex span of A^""^ (with 
vertices Ci, . . . , e^-i) and an additional point Cq. Then we can define a homotopy 

h : A^-^ X 7 ^ A'' 

by a formula (with x running over A''""^) 

h{toeo + (1 - to)x, t) = to((l - t)ei + te,) + (1 - to)S{x) 

One sees easily that h{—, 0) is the inclusion of the j-th face of A*^' and h{—, 1) the 
inclusion of the i-th one. To compute the determinant of h' we choose a basis (ei — 
Co, ... , Cr-i — eo, e) of T{A'^~^ x I) where e is the unit tangent vector of I. Then 

h'{toeo + (1 - to)x, t){en - eo) = (5(e„) - - t{ej - ei) 
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and 

h'itoeo + (1 - to)x,t){e) = to{ej - e^) 
Hence we easily get a formula 

I det h'itQeo + (1 — tQ)x, t) \ = cIq 
for some constant c and it is not difficult to see that c = r. Then 

[ 9L-x,(^=[ rtog' ah = r [ [ tog' ah{-,t) dt 

Now note that 

d 



and so 



/ / tog'ah{-,t)dt = [ gah{-,l)- [ gah{-,0) 

g{dia) - / g{dja) 



□ 



Corollary 1.20. The following formula holds 

f{Xr) = X(/, [Xo]) H h ^-^if^ ko, • • ■,Xi]){Xr - Xq, • • • , - + 

H" r ' "^i^f •) [*^05 • • • 7 •^r] ) iS^r •^O? • • • 7 ^r— l) 



'1.11 



Proof. We use induction with respect to r. According to the previous lemma 
1 



is equal to 
1 



^, ■ -^(Z' [^0) ■ ■ ■ ) Xr\){Xr — Xq, . . . , — X^-l) (1-2) 



(X(/) [^0; • • • ; ^r-l^ ^r]) ~ 1{f ^ {^0^ • • • ; Xr-l\)){Xr ~ 2^0; . . . , X^ — Xr-2) 



(r- 1)! 

Adding the remaining terms of ( II. ip to (11. 2p and using the inductive hypothesis on 
[xo, . . . , iv^i, Xr] we prove the inductive step. □ 

Corollary 1.21. The following conditions are equivalent 
(i) X(/, r) = for all the faces r of a. 

{tt) I{f, di---dra) = ---= lif, d,...dra) = ---= X(/, drO) = J(/, (x) = 0. 

Proof. We assume {ii). By induction we can also assume that for all the faces 
r of 9^0", we have X(/, r) = 0. By the previous lemma X(/, dia) = for all i. As 
there is a common face of dia and S^cr we see that up to a renumbering of vertices the 
condition {ii) is satisfied for d^a and by induction again we get (i) for all the faces of 
a-fx. □ 
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Corollary 1.22. Let a = [xq, . . . ,Xr]. If 

I{f, di---dra) = ---= I{f, di---dra) = ---= I{f, dra) = I{f, a) = 
and if y appears k-times in xq, . . . ,Xr then jy~^f = 0. □ 

Remark. The converse is not true in general (with the exception xo = ■ ■ ■ = Xr) 
for dimensional reasons unless m = 1: if {{yi, ki), . . . , (?/„, kn)} denotes the class of 
{xo,...,Xr) in Sr+i(M) = M''+V^r+i then jyi~^f = for alH = l,...,n implies 
X(/, [xo, . . . , Xj]) = for all j = 0, . . . , r. 

Now we will explain how this leads to an interpolation map. First we restrict ourselves 
to interpolation at points close to a single point, later generalizing to a number of 
points. This is only to lighten the notation a bit. Going back from the local situation 
to the case of a compact manifold M we consider V = TZE = C°°{M, E), a free 
7?.-module of a finite rank. We fix y G M and k > 1 and identify a neighborhood of y 
with M™. We also fix a complementary hnear subspace F to the submodule (my)'^V 
and define the following map 

G:Vx (M™)^ — .Hom(5°M™,E) x ■ ■ • x }iom{S''~^W, E) x 

^ Jt\R"',E) X 

(with J^~^{W^, E) being any J^^^(W^,E) - they are all identified via translations) 
by the formula 

G{f, {yi, Vk)) = i^if, [yi]), ■ ■ • ,2:(/, bi, . . . , yk]), {yi, ■■■,yk)) 

We denote hj Gp its restriction 

Gp-.Fx (W^)^ J^-\W^,E) X (M")'= 

Note that for each / G V the map G{f, — ) is continuous (in fact smooth) and therefore 
so is Gp. Our transversality condition on F implies that on the fibres over [y, . . . ,y) 

{Gp)^y_yy.F^Jt\R'-,E) 

is a linear isomorphism. Hence we find a neighborhood of {y, . . . , y) in of the 
form with U compact convex, such that the restriction 

Gp-.FxU''^ J,^"^(M", E) X U'' 

is an isomorphism of vector bundles over U^. Hence we can define a map 

A:V xU'' ^ J*^~^(M™, E) X F x U'' ^ F 

Now note that according to Corollary 11.211 the value of A does not depend on the 
ordering of the points and hence we get 

A:V X [/VSfc ^ F 

with the property that A{f, Y) is an interpolation of / at Y, i.e. such that / = A{f, Y) 
modulo my V. 

Theorem 1.23. The interpolation map A is continuous and A{f, {[y, k)}) = when- 
ever f G (my)'^V. 
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Proof. By the construction of A it is enough to show the continuity of each 
component 

: V X f/'= Hom(5^M", E) 
of G, i = 0, . . . , k — 1. Hence let us fix (/, (yi, . . . , i/k)) G V x f/^ and denote Y = 
{yi, . . . , Uk) for a short. We choose a norm on Hom(5'*M'^, E) and a neighborhood 

{a G Hom(^^M"^,E) | \\a-Gi{f,Y)\ \ < e} 

Because of the continuity of Gi{f, — ) there is a neighborhood ^ of y on which 

||G,(/,-)-G,(/,r)||<e/2 

Hence if g is such that \ \g'^'^^ — Z*-*^!] < s/2 on U then also 

l|G.((7,-)-G.(/,-)||<5/2 

on U and finally on V we have 

I -) - F) 1 1 < I -) - -) 1 1 + I -) - F) 1 1 < e 

Because the condition on ^f*^*-* defines a neighborhood of / in V, this finishes the 
proof. □ 

Example 1.24. In the one dimensional local case M = M the space Pk-i of polyno- 
mials M ^ M of degree at most A; — 1 is clearly a complementary subspace of (nXy)^. 
For any . . . , y^) G M'^ consider the following basis of Pk-i'- 

{1, (x - yi), . . . , ■{x-yi)---{x- yi), . . . , l/fc! ■ (x - ■ ■ ■ (x - yk)} 

Then one has 

T{l/i\ ■ (x - ■ ■ ■ (x - [yi, . . . , Vj]) = 5ij 

This is clear for j > by a direct computation and for i > j this follows from the 
remark after Corollary ll.22[ Consequently one obtains a formula 

A{f, . . . , yk)) = I{f, [y,]) + - ■ ■ + 1/(A;-1)!-X(/, [y,, yk]){x-yi) . . . {x-yk^i) 

This is the so-called Lagrange's interpolation formula. It can be found for example 
in Section 4.2 of [Schj . 

Now if we have an arbitrary Y = {{yi, ki,), . . . , {yn, A;„)} G we identify a neigh- 
bourhood of each yi with M."^. Writing 

we replace G by the corresponding map 

G : V X M™^ ^ jfci-i(^^m^ E)x---x J^-^(M'^, E) x R""^ 

Again if F is a complementary linear subspace to my V then on the fibres 

■■ F - J^^-\R'-,E) X ... X J^--\R-,E) 

is an isomorphism and we get a neighborhood of the form U^^ x ■ ■ ■ x U^" over which 
Gi? is an isomorphism. Denoting the induced neighborhood of Y in by W one gets 
an interpolation map 

A:VxW ^ F 

Theorem 1.25. The interpolation map A is continuous and A{f,Y) = whenever 
f G myV. □ 
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Next corollary is crucial for the proof of compactness of M^. 

Corollary 1.26. Let M be a compact manifold, let V = TZE, let D fti S^. Let 
e Sd = 1, 2, . . he a sequence converging to Y . Then every v E D (1 nxyV is a 
limit of some sequence Vp E D n xnypV. 

Proof. One chooses a complementary linear subspace F C D to rriyV and gets 
a sequence Vp = v — A{v, Yp) ^ v. □ 

Theorem 1.27. Let M be a compact manifold, let V = TZE, let D rtl S^. Then there 
is a continuous fibrewise linear interpolation map 

i.e. a map such that A{f, Y) = f modulo nxyV. 

Proof. One glues the local interpolation maps using a partition of unity on S^. 
Here one uses the fact that the interpolation maps form an affine space. □ 

With Corollary 11.261 at hand we can prove the main theorem in the same way Glaeser 
did in [Gla] for a parallelepiped in W^. 

Theorem 1.28. Let M be a compact manifold, let V = TZE be a free TZ-module of 
finite rank and let D rh "^d+i- Then UoMd C Gd{D) is a closed subset hence compact. 
Also the map tt : UoMd Sd sending D n B to the weighted spectrum of B is 
continuous. 

Proof. Let Bp be a sequence of submodules of codimension d and let Lp = DnBp. 
Let us assume that Lp converges to L in Gd{D). We will construct a submodule B 
such that L = D n B. By taking a subsequence we can assume that the sequence 
of weighted spectra corresponding to Bp converges to Y. We set B = myV + L. 
According to Corollary 11.261 D fl my V C L and this easily implies that D Ci B = L 
and that the codimension of B is d. It remains to show that B is indeed a submodule. 

We choose a finite dimensional linear subspace P C TZ complementary to my. We 
can make sure that 1 G P. Then my + P = TZ and to prove that B is a submodule 
one needs to prove the inclusion labeled by ? in 

TZB = (my + P)(myV + L) C myV + PL C myV + L = B 

In order to do so one constructs an analogous sequence PD fl Bp in PD and by taking 
a further subsequence one can assume that this sequence converges to L'. As 1 G P 
clearly L C L' and so 

my V + LC my V + L' 

But the codimensions are the same (equal to d) and therefore these two subspaces 
must be equal. As P{D fl Bp) C PD fl Bp taking the limit we get PL C L' and so 

my V + PLC my V + L' = my V + L 

finishing the proof that P is a submodule. 

To prove continuity of the map UoMd Sd it is enough (by compactness of S^) 
to show that the weighted spectrum of the submodule B that we just constructed is 



1.2. The topology on 



19 



indeed Y. The idea is to use the primary decomposition and compare the dimensions. 
We choose some disjoint closed neighborhoods Cj of yi and decompose 

Bp = {Bp + nc,V) n ■ ■ ■ n (5p + nc„V) 

By the convergence sp{Bp) Y we easily see that the codimension of each Bp : = 
Bp + xiCiV is ki, at least for all big enough p. Assuming that each sequence D n B^ 
converges in Gki{D) to D (1 B^ we certainly have 

DnB = \im{D n fi^) n ■ ■ ■ n (D n B^) c 

c (D n fi^) n • ■ ■ n (D n fi") = D n (5^ n ■ ■ ■ n E'^) 

and by the transversality assumptions and Proposition 11.161 we conclude that B C 
B^ n ■ ■ ■ n -B". By the proof above the spectrum of each i?* consists just of yi hence 
the i?* are in general position and therefore the codimension of B^Ci - ■ B^ is also d. 
Thus B = B^ {~\ ■ ■ ■ r\ B"" is the primary decomposition of B proving the claim about 
its weighted spectrum. □ 

Hence by Proposition II . 1 7l we know that the topology on does not depend on the 
choice of D as long as -D rtl M^^ and f/^ is injective. 

Remark. Let us consider the case V = TZ and for simplicity denote Mrf(M) = Md(7^). 
For an open subset [/ C M we define Md{U) C M(i(M) by the pullback square 

M,(f/) c , Mrf(M) 



MU) ' > S,(M) 

In other words Md{U) is the space of ideals in TZ with spectrum in U. Theorem 11.281 
implies that the topology of Md{U) is independent of M and Mrf(M) is a union of 
Md{U) as U varies over coordinate charts. In other words Md{M) is local. On the 
other hand the glueing maps are not polynomial and so [Glaj could not be used. 

Let Ed{D) denote the canonical d-dimensional vector bundle over Gd{D), whose fibre 
over F ^ D is D/F. Then again by the same proposition the restriction i?(i(D)|^^Md 
is independent of D and will be denoted by E^. 

Corollary 1.29. Let M be a compact manifold and let V = TZE be a free TZ-module 
of finite rank. Then the natural map 

V X Md ^ Ed 

defined on the fibre over B by 

V ^V/B ^ D/{DnB) 
is a continuous quotient map (in the topological sense) of vector bundles over M^. 

Proof. The map in question can be defined alternatively as 

idv X (7r,idAr .) ylxidsr. 

V xMd ^ — ^ V xSdxMd ^ DxMd^Ed 
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using the interpolation map A constructed above and hence is by Theorem 11.271 
continuous. Using an inner product on D one can easily find a section proving that 
it is a quotient map. □ 

Corollary 1.30. Let M be a compact manifold, let V = TZE be a free TZ-module of 
finite rank and let K C TZE be a submodule. Then the subset 

is closed hence compact. 

Proof. For each v & K the restriction of the canonical map 

is continuous by the last corollary and the set {B G M.d | t> G 5} is precisely the 
preimage of the zero section and therefore closed. So is then their intersection over 
all V & K, the set from the statement. □ 

Theorem 1.31. Let M be a compact manifold, let V be any finitely generated TZ- 
module and let D rh M^^. Then UdM^ C Gd{D) is a closed subset hence compact. If 
V is topologically finitely generated then the natural map 

V X Mrf ^ Erf 

is a continuous quotient map. 

Proof. Let (f : TZE — ^> V be any surjective map of 7^-modules with E a finite 
dimensional real vector space, let K = ker (f. As we can replace D by any bigger sub- 
space to prove compactness we can assume that D = (p{D) for some D rh Md+i{TZE) . 
The submodules of V = TZE/K are identified with those submodules of TZE that 
contain K. Now we reconstruct this relation inside D and D: setting K := DCiK we 
see that (flfj : D ^ D can be identified with the projection D ^ D/K. Consequently 
the map L <^{L) is continuous when restricted to subspaces containing K and so 
the dashed arrow in the diagram 

Uf){B \ K CB} t > {L \ k CL} c > GdD 

I 

UoMdiV) c > GdD 

is then a continuous bijection. As Uf){B \ K C B} is compact by Corollary 11.301 
this dashed arrow is a homeomorphism identifying f/£)Mrf(V) with a subspace of 
Uf)Md(TZE). In the same way Erf(V) can be thought of as the restriction of EdiTZE) 
to Mrf(V) and in the diagram 

V X Md{V) ^ TZE X Md{V) ^ > TZE x Md{TZE) 

^Erf(V)c >Ed{TZE) 



the dashed arrow exists and is continuous by the properties of quotients. 



□ 
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We consider the space G^'{V) of r-dimensional linear subspaces of V and give it the 
quotient topology from V^{V) /GLr{M.) where 

V^iV) C V X ■ ■ ■ X V 

is the subset of linearly independent r-tuples of vectors in V and the action of GLr (M) 
is the usual one. 

Corollary 1.32. The set of all r-dimensional linear subspaces D of V for which 
D fh Md is open in ^''(V). 

Proof. As the canonical projection y (V) — > G^{V) is (defined to be) a quotient 
map we only need to show that the preimage S C y (V) of the set from the statement 
is open. We consider the map 

a : V X • • • X V X Md ^ Ed Xm, • • • Xm, Ed ^ Hom(M'-, E^) 

sending {{vi, . . . ,Vr), B) to the homomorphism W — > V/B which is determined by 
sending the basis vectors to the classes of the Wj's in V/B. According to the previous 
theorem a is continuous. The subset SurHom(M'', E^) of surjective homomorphisms 
is open in the target and hence so is 

T := {V'iV) X Md) n a-^(SurHom(M", E^)) 

We can then describe S as the set of those x e ^^(V) for which {x} x C T and 
consequently S is also open by compactness of M^. □ 

1.3. Examples and the structure of 

We will now give few examples to explain what the spaces look like. We specialize 
to the case V = 7^ = C°^(M, M) and write Md{M) := Md(C°°(M, M)). First we prove 
a useful lemma which makes defining smooth maps (and in particular immersions) 
into Md{M) a bit easier. 

Lemma 1.33. Let N be a smooth manifold, let D rh Md{M) and let 

be a map such that for each f E TZ the partial map (/?(/, —): N ^ M."^ is smooth and 
such that for each x E N the partial map ip{—,x) : 7^ — >• M"' is surjective linear whose 
kernel Ix — ker 99(— , x) is an ideal in TZ. Then the map 

iIj:N^ UDMd{M) C Gd{D) 

sending x E N to Ud{Ix) is smooth. If moreover D lil Md+i(Af) then X e T^N lies 
in the kernel of the differential tp^ : TN TGd{D) if and only if 

hQ{fen\ d(^(/,-))(x) = o} (1.3) 

Proof. Let x e N and denote L — t/j{x) — DC] ker (/?(—, x). We choose a 
complementary subspace F to L inside D and get a chart on Gd{D) 

Hom(L, F) Gd{D) 
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given by sending a map a to its graph inside L x F = D. Let us consider the 
restriction ipu of if to D x N and write it in the form 

ifD : L X F X N — ^R'^ 

Observe that the differential dipolp is an isomorphism of F on M.'^ near L x F x {x}. 
In particular there is a unique solution to the equation 

ipD{v,a{y){v),y) = 

and it is automatically smooth. Clearly a{y) : L F is the expression of iply) in 
the above coordinate chart (with a{x) = 0). Moreover we have a formula for the 
derivative 

da{X){v) = {d{Mv,-,x))r\d{Mv,0,-mX) 

In particular X G kerip^ if and only if for each f G L it lies in the kernel of 
d{ipD{v, 0, — )). To explain this condition we introduce 

Jx := {/ G 7^ I ipif, x) = 0, diifif, -))(X) = 0} 

As the name suggests it is an ideal and to prove this one observes that for each y E N 
we have a multiplication on M'^ arising from the identification TZ/Iy = M"'. This family 
is smooth in the sense of the map 

H: N — ^ Hom(M'^ ® M^) 

being smooth. If we temporarily denote 

f{x):=ipif,x) and df{X):=d{ipif,-))iX) 

then for f,gE7lwe get 

d{fg){X) = fi{x) (fix) ® dg{X) + df{X) ® g{x)) + rf/x(X)(/(x) g{x)) 

Therefore if one of f, g lies in Ix then so does their product. 

The condition (11.31) from the statement is then equivalent to Ix = Ix- Assuming that 
this equality holds, every v E L <Z I^ lies in Ix implying that d^ipoiv, 0, — ))(X) = 0. 
Therefore in this case ^/'*(X) = 0. If on the other hand Ix ^ Ix then there is an ideal 
J which is maximal among those for which Ix J ^ Ix- Necessarily J G M(i+i(M) 
and by our assumption Dr\J^Dr\Ix = Lso that there is f G L for which v ^ Ix 
implying that d{^D{v, 0, -))(X) ^ and ^,(X) ^0. □ 

Remark. The first part of the proof applies even when (y9(/, — ) is merely continuous 
proving that if) is also continuous in this situation. 

The space Mrf(M) contains as a subspace the configuration space 

Mid] ^ M^'^VSd C 

We will show now that it is in general an embedded submanifold. I do not know 
whether M(^(M) is itself a manifold with corners (or a manifold stratified subset) 
with the configuration space M^'^ being its interior. It is certainly an interesting 
question to pursue. 



1.3. Examples and the structure of 



23 



Proposition 1.34. Let D be a finite dimensional linear subspace of 7Z such that 
D ftl Mrf+i(M). Then the inclusion 

^ : C Sd ^ M,(M) C Gd{D) 
Y my 

is a smooth embedding. 

Proof. As the map in question has a continuous inverse (restriction of vr from 
Theorem ll.281) we only need to show that it is an immersion. First we express ip locally 
via a map ip : as in Lemma 11.331 and compute the kernel of tp^^ using 

the same lemma. Therefore let {xi, . . . , Xd) G M^"^^ and identify a neighbourhood of 
[{xi, . . . , Xd)] G M^^ with a product Ui x ■ ■ ■ x Ud of disjoint neighbourhoods Ui of Xj. 
Then we can define (p : TZ x Ui x ■ ■ ■ x Ud ^ R^ hy 

Clearly all the assumptions of Lemma 11.331 are satisfied and so ^/^ is a smooth map. 
Also for 

{X,,...,Xd) eT,,U, x---xT,^Ud 

we have d{(p{f,—)){Xi,...,Xd) = {df{Xi),...,df{Xd)) and this can be zero on 
nx{xi,...,xrf} only if Xi = ■ ■ ■ = = 0. □ 

Now we investigate a (rather trivial) example where Proposition 11.341 completely 
describes the topology of Md{M). 

Example 1.35 (a description of Mi(M)). As ideals of codimension 1 are exactly the 
maximal ones the canonical map M Mi(M) is a bijection. As it was shown to be 
a smooth embedding in Proposition 11.341 it is a diffeomorphism. 

Another easy example is that of the space of ideals for a one- dimensional manifold. 

Example 1.36 (one-dimensional manifolds). It is clear that the only ideals in Jq(R, M) 
are the powers of the maximal ideal mo. In other words there is exactly one ideal for 
each codimension and therefore the canonical map 

Md{M) — > Srf(M) 

is bijective. As it is also a continuous map between compact Hausdorff spaces it is 
even a homeomorphism. In particular 

Mrf(M) = Sd(M) = M7Sd 

We will identify this space explicitly for M = I, the closed interval. Namely, we claim 
that Mrf(J) is the ci-dimensional simplex A"^. This is easily seen from the classical 
subdivision of I'^ into simplices 

= {{ti, . . . ,td) I < ta(i) < ■ ■ ■ < t^i^d) < 1} 

indexed by permutations a E T^d- Note that the action of T^d just permutes them 
r : Co- — > (if we think of it as the left action) and therefore the composition 

^ jd — ^ jd^j.^ 
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is a continuous bijection between compact Hausdorff spaces hence a homeomorphisnH. 

As is a quotient of / one can conclude that also 8^(5*^) is a quotient of 8^(1). More 
precisely there is a map / : doA'^ ddA'^ from the 0-th face of A'^ to its d-th face 
(an affine map sending the i-th vertex of A'' to ej_i) such that 8^(5'^) = A'^//, the 
space obtained from A*^ by identifying the two faces via / (e.g. 82(6'^) is the Mobius 
strip). Also note that locally M(i(S'^) looks like Md{I) and so it is a manifold with 
corners. □ 

In order to describe M2(M) for a general manifold M we first consider the following 
construction, a slight modification of a blow-up construction (cf. exercises 7-8 after 
Chapter 12 in [BJj): 

Construction 1.37. Let E N he a. smooth vector bundle and let us choose an 
inner product on E. The construction below does not depend on this choice and 
in fact can be given in an inner product free way. Consider the unit sphere bundle 
SE N and a trivial ray bundle rjE = IR+ x SE SE over SE. We have a 
canonical map r]E E given by sending {t,v) to tv. Clearly it is a diffeomorphism 

away from the zero sections: tjE — ^ E — 0. One can also think of rjE as E with 
an open disk subbundle removed but then there is no preferred way of defining a 
projection map rjE —>■ E (the inclusion is not what we are after). 

Let M be a manifold and a closed neat submanifold. We consider the normal 
bundle v oi N and give := (M — A^) U Sv a structure of a manifold (with corners 
in general) defined in terms of an embedding t : z/ "-^ M as 

(M - A^) U^„o W 

glued along z/ — via the embeddings t: v — O'-^M — N and z/ — = 7/// — 0^ rjv. 
It can be shown that the resulting manifold does not depend on the choice of the 
embedding l. 

Now let us specialize to a manifold M equipped with an involution t : M ^ M and 
denote the fixed point submanifold by A^ = M'^ . As M — N is clearly dense in M^v 
there may be only one possible smooth extension of the involution r : M — > M to 
Mat. We show that it exists and that on Sv it is just multiplication by —1. 

To do so we choose a r-invariant Riemannian metric on M. The action of r on TM\m 
is by an orthogonal involution and therefore this bundle decomposes into a direct sum 

TM\n = TN ®u 

with TN being the (-l-l)-eigenspace and v the (— l)-eigenspace. The canonical em- 
bedding 6 : z/ > M given by 

(a;, v) ^ exp^.(t>) 

transforms the involution r to multiplication by —1 (as r is an isometry and therefore 
preserves geodesies) and this can be clearly extended to rjv. As the extended involu- 
tion f : Mjv — > Mjv has no fixed points Mf := Mj-^jf is again a manifold with corners. 

Using Lemma ri. 331 on the map Lp : 7^ X A'' ^ M'' defined by 

(/, (ii, . . .M)) ^ (X(/, [h]), . . . ,X(/, [h,.. .,t4)) 
one can even produce a diffeomorphism A'' Md{I). 
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As a set it is a disjoint union of (M — M'^)/r with the projective bundle Si'/{±1} 
of the fixed point submanifold M'^ in M. In other words one could say that it is a 
"blow up" of in M/ r (but as M/ r is not a manifold this differs from the classical 
construction and in particular one introduces a new boundary as was mentioned). 

Example 1.38 (a description of M2(M)). Another easy example is that of codimen- 
sion 2 ideals. We claim that for the involution r : switching the two 

coordinates, the above constructed (M^)f is homeomorphic to M2(M). 

As (M^)f is easily seen to be compact, we only need to produce a continuous map 
(M^)f — > M.2{M) and show that it is bijective. By the definition of (M^)^, such a 
map can be obtained from two f-invariant maps 

- A — > M2(M) and T]iy — ^ M2(M) 

where is the normal bundle of the diagonal A in and these maps have to agree 
on their "common domain" . The canonical map (x, y) i— > ^{x,y} will certainly do 
for the first (see Proposition 11.341) . Choose a Riemannian metric on M. It is well- 
known that u = TM and that the inclusion u = TM "—^ can be chosen to be 
(x, v) (— > (x, exp^. v) where exp is defined via geodesic^. We define 

ip:nuxn = R+x STM x 7^ ^ 

where for t = the second coordinate is to be interpreted as a limit for t — 0, i.e. 
as df{x){v). As (f satisfies all the hypotheses of Lemma 11.331 we conclude that the 
corresponding map ip : rju ^ M2(M) is smooth (in fact an immersion by an easy 
computation). The two maps clearly agree on their common domain and thus define 
a map 

(M2)a M2(M) 

Also it is clear that this map is invariant under the involution f and finally induces 
a map (M^)f M2(M). From the set theoretic description of (M^)f as a disjoint 
union M^^^ U {STM/{±1}) it is easily seen to be bijective: the ideals I G M2(M) 
have either 2 points in their spectrum and then they lie in M^'^\ or only 1 point, say 
X, in which case (m^;)^ ^ I ^vcv^ and therefore / can be thought of as a hyperplane 
in vcix/iy^xY — (T^M)* . These correspond to one- dimensional subspaces of T^-M, i.e. 
elements of {STM)^/{±1}. 

As both spaces are compact Hausdorff this map is a homeomorphism (in fact a dif- 
feomorphism) . Again note that M2(M) is always a manifold with corners. □ 

Example 1.39 (a description of M3(5"")). Let us first classify all ideals 

/ C J2(M™,M) 

of codimension 3. We claim that there exist only the following two types of such 
ideals. The ideals of the first type are determined by an orbit of 1-jets of immersions 



'More precisely 1 1— > exp^(iu) is the unique geodesic starting at x with speed v. 
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a : (M^, 0) "-^ (M™, 0) under the action of the origin preserving diffeomorphism group 
on M?. The corresponding ideal is 

= {Jo/ I Jo' (/^)=0} 

It can be easily seen that these ideals are all distinct. Similarly the second type 
is determined by an orbit of 2-jets of immersions 7 : (M, 0) ^ (M™, 0) and the 
corresponding ideal is 

/yg,] = {jo/ I Jo(/7) = 0} 
Again all these ideals are distinct. 

We prove the claim by reduction to ideals in Jq(M™',]R). Denoting the maximal ideal 
of J ■= Jo2(M™, M) by m we identify Jo^(M™, M) with J/m^. Therefore if I is an ideal 
of J of codimension 3 its image in Jq(M™,M) is (/ + m^)/m^ and its codimension 
must be 2 or 3 by an easy inspection. As we saw at the end of the last example for 
codimension 2 in suitable linear coordinates we can write 

Therefore ^2 + ^2, ■ ■ ■ , 2;^ + G / where q2, ■ ■ ■ ,qm are some quadratic functions. 
Necessarily 

{X2, ■ ■ ■,Xm)m C I 

and therefore we can assume Qi = Ci ■ x1. By another linear change of coordinates we 
can achieve 

{X2 + C- xl,X3, . . .,Xm) Q I 

As the codimensions are equal we must have an equality and the left hand side is the 
ideal /[^^^j for ^(t) — {t, —c ■ t'^ ,0, . . . ,0). 

If the codimension of / + is 3 then for dimensional reasons / = / + and 
analogously to the previous case we have 

/ = {x^, . . . , Xjyi, Xi, X1X2, X2) 

in suitable hnear coordinates. For a{s, t) — (s, 0, . . . , 0) we get / = %^o-]- 

Now we will explain how M3(S'"^) is identified with the space 

X :— {(p, xi, X2, X3) I p an affine plane in R"*"'"-'^; xi, X2, X3 e p fl S'^}/Ti2, 

where E3 acts by permuting xi,X2.iXz. First we construct a map -0 : X — > M3(5'™) 
by specifying it on various subsets: 

• When p is tangent to S'^ then necessarily x\ — X2 = x^ and p, being a 
2-dimensional subspacc of T^j^S"^, can be thought of as an orbit of 1-jets of 
immersions (]R^,0) {S"^,xi). We assign to the class of {p,xi,X2,X3) the 
corresponding ideal /yio-]- 

• If xi = X2 = X3 but p is not tangent to S'^ then it intersects S"^ in a 
circle which can be thought of as an orbit of 2-jets of immersions (R^, 0) — > 

Again the class is sent to the corresponding ly^j]- 

• When Xi = X2 ^ x^ then p prescribes a tangential line / at Xi and the class 
is sent to Ii ■ mx.^ where Ii is the ideal of codimension 2 corresponding to 
I e {STM)x^/{±l} as in the previous example. 

• If all xi, X2, xs are distinct then the image will be taken to be vn.^xi,x2,x3}- 
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Both X and M^IS"^) are compact. We postpone the proof of continuity of ip and 
show that it is bijective. If all Xi, X2, x^ are distinct then the plane p is determined by 
these three points as well as it is by a point and a tangential direction at a different 
point. This exhausts all the ideals of codimension 3 with spectrum consisting of more 
than one point. On them ip is a bijection. We classified all the ideals of codimension 
3 with spectrum a singleton above. On ideals of type ly^a] "we clearly get a bijection 
too. The same is true of ideals of type /y2^] when one observes that orbits of 2-jets 
of immersions (M, 0) "-^ (5"", x) are in bijection with circles through 

It remains to prove continuity of ip. We use a continuous version of Lemma 11.331 
First we need to resolve X by a bigger space 

Y := {{z, u, V, yi, y2, ys, W12, ^23, ^^'si) I z E D""^^; u,v E S"';u ± z,v ± z,u ± v; 

yiE S^; Wij E S^;yi- yj E R+Wij; yi = yj Wij ± yf, not all Wij the same} 

Here z, u, v prescribe an affine plane p in W^^^ with orthonormal basis (endowing 
p with an orientation) that clearly intersects S"". We denote by a : — W^~^^ 
the affine map (isometry) sending to 2; and the standard basis vectors to u and v. 
Clearly a depends smoothly on z, u, v. Next we set p = a/1 — \z\'^, the radius of the 
circle p fl S'™. If p is not tangent to S"^ then yi,y2, Vs can be identified with points 
Xi = a{p ■ yi) in p n S"^. Otherwise they are thought of as directions in the tangent 
space (and clearly Xi = z). When yi are distinct then Wij = and if p > then 

also a{wij) = \^~_^^.y If yi = yj the vector Wij prescribes an infinitesimal direction 
from yj to yi. The only condition is that when all three points collapse one of these 
infinitesimal directions has to be opposite to the other two. 

Clearly X is a quotient space of Y and it is enough to prove continuity of the map 
: Y M3(5''"). On the open subset 

Z := {{z, u, V, yi, y2, 2/3, ^^12, w^23, w^3i) eY \ \z\ <1; yi, 7/2, Z/a all distinct} 

we have a continuous map (f : nx Z defined by sending (/, P) to 

N l/(a;i) - /(a;2)| \fiXi){x2 - X^) + f{x2)ix-i - Xi) + f{x3){Xi - X2)\ 

fi^i)^ 1 1 >P 1 r-, r-, 1 

\Xi — X2I \X2 — Xs\ ■ |X3 — Xi\ ■ \Xi — X2\ 

To show how ip continuously extends to Y we use our version of Taylor expansion 
(Corollary II. 20p on some extension of / to M"*"*"^. 

fix2) = fixi) +I{f, [xi,X2])(a;2 - 

/(a^s) = f{xi) +X(/, [2;i,X2])(a;3 - xi) + 1/2 ■J(/, [xi, X2, a;3])(x3 - xi,X3 - X2) 
and for brevity we put a = X(/, [xi, X2]), b = X(/, [xi,X2, X3]). Then easily 

\f{Xl)-f{x2)\ 



\Xi - X2\ 



\a{a{wi2))\ 



^This is clear from the following two observations. Firstly a 2-jet of a path 7 : (R, 0) (R™+^ , x) 
is a 2-jet of (M, 0) (5™, x) iff Jo ((7' 7)) constant 1. For any parametrization of a circle c C M™+^ 
this condition is equivalent to c C S*™ by an easy computation. Applying these considerations to the 
osculation circle of a path 7 : (R, 0) 5™ shows that it always lies on S™ providing the bijection. 
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/(Xi)(x2 - X3) + /(X2)(X3 - Xi) + /(X3)(xi - X2) 

= a{xi - X2){x2 - X3) - a(x2 - X3)(xi - X2) - 1/2 ■ h{xz - xi,X2 - xs){xi - X2) 

Now if we denote a* = a{u)u + a{v)v the projection of the gradient of a into the plane 
spanned by u and v we can rewrite 

a{Xi - X2){X2 - X3) - a{x2 - X3){xi - X2) 

= (a*, xi - X2){x2 - x-i) - (a*, X2 - x-i){xi - X2) 
= vol(xi — X2, X2 — x^)Ra* 

where vol denotes the oriented volume and R rotation in p by +7r/2 so that Ra* = 
a{u)v — a{v)u. Easily vol(a;i — X2i X2 — ^3) is twice the area of the triangle X1X2X3,. It 
is well known that this can be expressed by the lengths of the sides and the radius of 
the circumscribed circle as 

a{xi - X2){x2- X3) -a{x2 -X3)(xi -X2) = sign - l/(2p) ■ |a;i - X2\\x2 - xsWxs - xi\Ra* 

Here sign depends on the orientation of the triangle X1X2X3 inside p which on the 
other hand depends continuously on the dat8@. Therefore the last component of if is 

1/2 • |sign ■ Ra* - p ■ b{a{w3i),a{w23))a{wi2)\ 

These formulas obviously extend continuously to Y and Lemma 11.331 then provides a 
continuous map 

tp-.Y ^ M3(5™) 

It is easy to verify that ip factors through the quotient X of y yielding the above 
described map ip and showing that it is indeed a homeomorphism. 

Example 1.40 (description of Mi(V) for a special V). Let X C M be a closed neat@ 
submanifold and 

V = {/ G C°°(M, M) I f{z) = OyzeN} 

We show later in Example 11.431 that V is topologically finitely generated. We can 
argue similarly as in the last example to conclude that 

Mi(V) = {M-N)U {Su/{±1}) 

where the right hand side is given a smooth structure in a way similar to Construction 
11.371 but using the projective bundle with its canonical line bundle over it in place of 
the sphere bundle. This construction is called a (real) blow-up (cf. exercises 7-8 after 
Chapter 12 in [BJ]). 

Our next goal is to describe certain subsets of Mrf(M). They are subsets of ideals of 
a "fixed type" and are injectively immersed submanifolds. Also every ideal has some 
(unique) type and so Md{M) is in fact a disjoint union (over all possible types) of 
these submanifolds. 

^Easily Y decomposes into a disjoint union of two subspaces according to the orientation of 
2/12/22/3 in (this is clear for nondegenerate triangles and Y is designed so as to remember via 
wi2iUi23,'W3i the orientation of degenerate triangles). This decomposition prescribes a continuous 
function sign : Y ^ Z/2 = Z* 

^see [Hk] 
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We take the following construction from section 35 of |KMSj . A Weil algebra is a 
finite dimensional associative, commutative algebra A over M with a unit such that 
A = M © where N is the ideal of nilpotent elements. Equivalently it could be 
described as a quotient algebra of Jq (M™, M) for some r and m. Therefore we can get 
all ideals of TZ with a spectrum consisting of a single point as kernels of surjective 
algebra homomorphisms TZ A for some Weil algebra A (namely A is the quotient 
of TZ by that ideal). We give the set of all such homomorphisms (surjective or not) a 
smooth structure in such a way that the map sending such a homomorphism to the 
spectrum of its kernel is a bundle projection. This bundle is called the Weil bundle 
associated to A. 

We first give a construction of this bundle and then show that its points can be indeed 
identified with homomorphism TZ ^ A. We start with the restriction 

JoV(M-,M)^M (1.4) 

of the jet bundle J''(M™, M) — > M to the subspace of all invertible jets with source 0. 
Setting GJ^ := Jq jig(]R"^, ]R™)o, the Lie group of all invertible jets with source and 
target 0, we see that (11. 4p is a principal G^-bundle and so we can define 

TaM := JoViff(^™' Hom,ig( J^XK'", K), ^) (1-5) 

This clearly expresses TaM as a smooth bundle over M with fibre 

Homaig(Jo"(M'",M),A) = AT- 
Moreover we have a bijection defined in terms of (11.51) by the formula 
TaM ^ Homalg(7^,A) 

[j:g,y,] ^ (n^ j:{m,r) ^ r,(R-,R) ^ a) 

It is easily seen to be a bijective correspondence (that a kernel of any TZ ^ A has a 
spectrum consisting of only a single point follows from the fact that in A, the only 
idempotents are and 1). We have a subbundle 

TaM := r,^^,^{R"^ , M) x^^ SurHom,ig( Jo^(M-, M), A) 

which then corresponds to surjective algebra homomorphisms TZ ^ A. 

One says that an ideal I is of type A if TZ/I = A. An ideal / of type A can then be 
identified with a class of surjective homomorphisms TZ A, namely with the class 
of all those homomorphisms that have kernel /. In this way we get a space J'^M of 
all ideals of type A as a certain quotient of TaM. A crucial observation in |Alo] is 
that the action of GJ^ on SurHomaig( Jg (M"*, M), A) is transitive and so, after choosing 
some ao G SurIIomaig( Jg (M™, M), A), one can identify it with the quotient of by 
the stabilizer of ao- In the same terminology an ideal in Jq(]R'",]R) of type A is a 
class of modulo the stabilizer of kerao. Therefore the space of ideals of type A 
can be identified with the smooth bundle 

J^M = Jo,diff(^"'' M)/St(ker ao) — ' M 
and clearly the smooth structure does not depend on the choice of ao- 
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Proposition 1.41. Let D rh Mrf+i(M) he a finite dimensional linear subspace oflZ 
and let A he a d- dimensional Weil algebra. Then the inclusion 

i ■ J^M C Mrf(M) C Gd{D) 

is an injective immersion. 

Proof. This is another apphcation of Lemma [1.33[ Consider the map 

if,j:i9)) = MfMg)) 

Clearly this map is surjective linear in the first and smooth in the second variable 
and hence in the sense of Lemma 11.331 it defines 

: Jo',diff(K",^) ^ M,(M) C G,{D) 
which is also smooth. As we have a commutative diagram 

JoViff(M™,M) 1 > M,(M) C G,{D) 



Jo^_diff(K'",^)/St(kerao) 

in order to show that the dashed arrow is an immersion we need to identify ker 
Lemma 11.331 gives an answer in terms of the kernel of the differential (say at j^g) of 
the map ip{f, — ) which can be decomposed as 

To give a tangent vector in Tjr^ Jg_^jg(]R™, M) is the same as to give an element of 

TidJoVifr(^"'>^"') and then conlipose with g. The elements of Tja Jo^,diff(^'"> ^"') arise 
from vector fields. Therefore let X : MJ^ —>■ TMJ^ be a local vector field with a local 
flow 

7 : X R — ^ M"" 
Under our identifications it defines a tangent vector 



dt 



j5(<77(-,t))eT,.,JoXM'",M) 

t=o 



Then for each / G 7?. we get 

d 



ao{mgi{-,t))) = ao{m{f9))) 

i=0 

Suppose that X{0) ^ 0. Then we claim that there exists an / G ipij^g) for which 
this expression is nonzero as well. In other words such X can never lie in kerip^. We 
postpone the proof of this claim and thus assume that the only X which could produce 
an element in this kernel are the vectors tangent to the submanifold Jq jjjg(]R'", M);^. 
The Lie group acts simply transitively on this space. Let Y be an element of the 
Lie algebra of GJ^. Then we obtain a vector field (with p running over Jq jj-g(M'", M)^) 



p ■ exp(tF) 

t=o 
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and we also have similar vector fields on Jq(M"^,M). The restriction of (p{f,—) is 
simply the composition 

Jo,disi^'^,M)x Jo^(M'",M) P^"^^^^'"" ) Jo^(M'",K)/kerao = A 

Therefore Y~^{jQg) e ker^* if and only if for each / e ■0(jo9') '^^ ^^^e df*{Y'^ (j^g)) e 
kercKo- As the map /* is G^-equivariant we can rewrite 

for the corresponding canonical vector field on Jq (R"*, R). Now observe that we get all 

possible values j^ifg) G ker ao by varying / over i/j^j^g). Therefore Y~^{jQg) G keiip^ 
if and only if ^"'"(kerao) ^ ker«o- These Y clearly constitute the Lie algebra of 
the stabilizer St(kerao) and therefore we conclude that ker^^* is exactly the vertical 
tangent bundle of 

JoXM'",]!^) JoV(M-,M)/St(ker«o) = J^M 

Consequently ip induces on the quotient J^M = jQ^jjf(R'", M)/St(ker (^o) an immer- 
sion L : J'^M — ^ Gd{D). 

Now we prove the remaining claim. Because we assume that X(0) 7^ we can find a 
local diffeomorphism h : (M™,0) (^"",0) such that h*X = d^^. Then 

X{fg)=d,,{fgh)oh-' 

We denote by K the kernel of 

and we are looking for / G 7^ such that Joifgh) G K but io(^a:i(/fl'^)) ^ Let K C 
{x'l, X2, ■ ■ ■ , Xm) but K ^ X2, ■ ■ ■ , Xm). Both g and h being diffeomorphisms 

there exists f E TZ such that jo{fgh) E K — (x'l'^^, X2, ■ ■ ■ , Xm)- Then fgh — Xi ■ X 
modulo (x2, . . . , Xm) with A(0) 7^ and it is easy to see that d^^ (fgh) = Xi~^ii modulo 
{x2, . . . , Xm) with /i(0) 7^ so that jgid^i {fgh)) does not lie in {x^, X2, ■ ■ ■ , x^) and 
in particular it does not lie in K. □ 

Question. Is the inclusion l : J'^M ^ Md{M) an embedding? Quite easily (reduc- 
ing to a local question and using polynomials) one can reduce this problem to the 
question of the canonical map 

GU{G'mnSt{keT^o))-^Gl{r,{R"^,R))/St{ker^o) 
being an embedding. 

An easy generalization to the case of finitely many Weil algebras A^, i — 1, . . . ,n, 
produces a bundle 

togeter with a bijection Taj^,...,a„M = SurHomaig (7^, x ••• x An). Every ideal 
/ G Mrf(M) of type Ai x ■ ■ • x An can be clearly recovered as a kernel of such 
surjective homomorphism. In this way we get a space J^i' -'^"M of ideals of a fixed 
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type Ai X ■ ■ ■ X An as a. quotient of Tai,...,a„M. Moreover we can again identify 
jAi,...,An]\^ with a quotient^ 

(4,iff(M™,M))£) Xg^;s„ {Gin I S„)/St(kerao) 

for some (any) surjective homomorphism ao '■ ( Jg (M™', M))" ^ Ai x ■ ■ ■ x An- The 
canonical inclusion map l : J^^' - '^"M ^ Mrf(M) with d = dimAi + • • • + dim A„ is 
an injective immersion. For a proof observe that locally ( Jq ^(^(IR"*, M))j^^ is just a 
product of Jg jjjfj(]R'", M) and so one can almost copy the proof of Proposition 11.411 
(also see the proof of Proposition 11.341) . 

1.4. A criterion for topological finite generation 

In this section we give a criterion for V to be a topologically finitely generated TZ- 
module in terms of its local structure allowing us to prove that some interesting 
topological 7^-modules are topologically finitely generated. 

First we observe that 71 is the space of global sections of the sheaf 7i{U) = C°°{U, M) of 
(locally convex) topological M-algebras. The sheaf property in the realm of topological 
spaces is proved in Lemma [B . 1 1 whereas the algebraic part is clear. Suppose that V{U) 
is a sheaf of topological 7^(f/)-modules and denote V = V(M). We have the following 
result. 

Proposition 1.42. An TZ-module V is topologically finitely generated if there is an 
open covering U of M such that for every [/ G U, V{U) is a topologically finitely 
generated TZ{U) -module. 

Proof. First we construct an auxiliary map enabling us to extend sections. Let 
U be an open subset of M and let A : M — ^ M be a smooth function with supp(A) C U. 
We define a A-extension map cx : V{U) — > V which is simply multiplication by A and 
extending by 0. To be more precise let = M — supp(A). By the sheaf property we 
have a pullback diagram 

V ^V(t/) 



v{v) -^v{u nv) 

Now we can define Ca : V(f/) — V by 

{h,Of : V(f/) V{U) xv(c/ni/) V{V) = V 

the first component being multiplication by A. By the universal property of pull- 

backs the composition V > '^{U) ^ V is multiplication by A as is the other 

composition res o ex. 



^Here ( J(5' ^iff (K™, M))^"^ denotes the restriction of the power ( J^^^jff (R™, M))" ^ M" of the jet 

bundle to the subspace M'"^ C M". In particular as the original bundle was a principal GJ'„-bundle 
the resulting bundle over M*^") will be a principal (G^)"-bundle on which there is an action of 
the symmetric group E„. Taking the quotient by this action one gets a principal (GJ^ I I]n)-bundle 

(JJ_diff(R",M))i';)^M[«l. 
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As an application wc prove that if A is a closed subset of M such that A C U then 
TZ/ua — TZ{U)/nA- A map in one direction is induced by the restriction map and in 
the other direction by where A : M — > R is any smooth map supported in U such 
that A = 1 on a neighbourhood of A. 

Now we proceed with the actual proof. Let U = {Ui, . . . , Ui} be any open covering 
of M and let Ai, . . . , A; be a subordinate partition of unity. We define a gluing map 

(ex,, . . . ,ex,) -.ViUi) X ■ ■ ■ xViUi) ^ V 

which is a quotient map as it has a section (res, . . . , res)^ : V — > V{Ui) x • • • x V(C/;). 
Suppose now that for each i there is a topological quotient map 

<Pi : n{Ui)Ei ^ V{Ui) 

with Ei a finite dimensional real vector space. Denoting by ipi the composition 

we claim that the map {tpi, . . . ,ipi) : IZEi x ■ • • x TZEi — > V is also a topological 
quotient map. This follows from the diagram 

HUE, "''^^ , Y{nmE,^^Y[vm 

(eAiv,eA;) 

Y[{n/nA^)E,^ Y[[T^m/nA?)E, 

where Ai = supp(Aj) C Ui. Here the dashed arrow exists and is clearly a quotient 
map. As TZEi x ■ ■ ■ x TZEi ^ TZ{Ei x ■ ■ ■ x Ei) this finishes the proof. □ 

Example 1.43. Let M be a compact manifold, let C M be a closed submanifold 
and suppose that either N is neat or that N = dM. Let r be a positive integer. We 
define a submodule V CTZ as 

V = {/ G c~(M, M) I j^-^f = oyzeN} 

Then V is a topologically finitely generated 7^-module. 

Proof. We will give the proof in the case dM = to simplify the notation. 
Clearly V is a subsheaf of TZ and thus a sheaf itself. We cover M by coordinate charts 
^ t/ C M under which either iV = or 

AT = M"^o C X R""' ^ 

We are left to show that each V{U) is a topologically finitely generated ??.([/) -module. 
Using the charts we can assume that U = M™ and in fact we will be assuming that 
M = U = M™" to avoid writing U everywhere. 

When N = we have V = 71 and there is nothing to prove. Hence let us assume that 
N = R"^° . We define E to be the space of homogenous polynomials on of degree 
r that belong to V, i.e. those polynomials that do not depend on the R"*°-coordinate. 
This gives us an embedding E and we define 

^p-.TZE^V 
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to be the unique 7?--module map extending this embedding. In other words, if we think 
of HE as C°°(M™, E) then g : R"" ^ E is send by to the function f : z ^ {g{z)){z). 
To prove that it is a topological quotient map we will construct a continuous section 
(which will happen to be linear but will not be an 7?.-module map. In fact there is 
no 7?.-section). 

Let (x, y) G x ]R™i ^ R"^. We define an r-simplex (T(^,y) to be 

(^{x,y) = [{x,0), . . . , (x,0), {x,y)] 
and then for / G 7^ = R) we set 

J{f^x,y):=^- [ /i'2ia(.,,)GHom(S'-M'"SM) 

where f^l^ is the r-fold derivative of / in the direction IR™^ 
If we assume that / G V then by Lemma 11.191 

f{x,y) = J{f,x,y){y,...,y) 
Hence if we identify Hom(5''']R'"% M) with the polynomial space E then we get 

Jif,x,y)eE 

with the property that 

f{x,y) = J{f,x,y){x,y) 

Clearly each J'{f, — ) : M™" — ^> i^^ is a smooth function and so we obtain a section 
s : V —>■ TZE of by defining 

The only thing that remains to be checked is the continuity of this map. Note that 
the same formula defines a map s : TZ ^ TZE and hence it is enough to prove that 
this extension is continuous. This is an easy exercise in differential topology: roughly 
speaking, if the (r + /c)-jet of / is small then the fc-jet of is small as well. □ 

This readily generalizes to sections of a smooth vector bundle F — ^ M: 

V = {/GrF I jrV = 0,zGiV} 

is a topologically finitely generated 7^-module. Here the condition jl~^f = means 
that / and the zero section : M —>■ F have the same (r — l)-jet at z. Another 
generalization is possible. If we are given a finite collection Ni of submanifolds (such 
that either Ni is neat or Ni = DM) in general position (i.e. the tangent spaces at any 
intersection point are in general position) and positive integers then the 7^-module 

V = fl {/ G LF I fr'f = G Ni} 

i 

is a topologically finitely generated 7?--module. We will indicate the necessary changes 
in the case of two submanifolds (that intersect transversely). We can assume that 
F = M X M and 

M = M™' = M™« X X ^""2 
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and that Ni = M™" x {0} x M™^ N2 = M™» x M™i x {0}. Take E to be the space of 
homogenous polynomials on of degree ri + r2 that belong to V. Again we get an 
7?.-module map 

which under the identification TZE = C°°{M,E) sends g : M — > to / : 2; h-^ 
{g{z)){z). To construct the section of ip we define for a point {w, x, y) e M™'° x W^'^ x 

^ma ^ ^^^^ 

(y{w,x,y) ■■ X A'-^ ^ {*} X X A'-^ ^x[0,...,0,a:]x[0,...,0,i/] ^ ^ ^ 

and we set 

J{f,w,x,y)= [ e Hom(,S'-iR"^i (g) 5^^R"^^ , R) 

where denotes the (ri + r2)-fold derivative, ri-times in the direction M™^ and 

r2-times in the direction M™'^ _ Again we can identify the target space with E and get 
the desired section. 

Example 1.44. Let F ^ M be a vector bundle and J^F M its jet prolongation. 

There are two actions of TZ on r(J^F). The first one does not use the jet structure 
and is given in terms of f E TZ and s G r{J'^F) by the formula (/ ■ s){x) = f{x)s{x). 
The second is defined in the following way: let a; € M and let s{x) = j^g. Then we 
set (/ ■ s){x) = j'xifg)- To distinguish the two actions we denote r(J^F) with the 
latter one by fV{rF). 

We claim that fV{J'^F) is a topologically finitely generated 7?.-module. 

Proof. Locally we can reduce to the case F = M x M and M = M™. Using 
trivialization J^(M™,M) = j;(M™,R) x R™ we have r(J^F) = C°°(M, j;(R™, R)) 
and think of J^(R"^,R) C r(J^F) as the subspace of constant maps. Clearly with 
the first action r(J''F) is free on JJ(R'",R). We will show that the same is true for 
j^r{J^F). First note that on the kernel of the canonical map a : r{,r'F) r{J^^^F) 
the two actions coincide. Denoting by Kr the kernel of J^(R™,R) — > J^''^^(R™,R) we 
obtain a commutative diagram with (fr the unique 7?.-homomorphism extending the 
above mentioned inclusion j;^(R"^,R) C fV{rF): 

> TZKr > 7^J:(R™, R) > TZJl-^R"", R) > 

ipr = 'Pj — 1 

> ker a > jT( J^F) f-^V{r-^F) > 

As the map on the left is the same as for the first action it must be an isomor- 
phism. Using a splitting of the top row and an induction on r it is easy to produce a 
(continuous!) inverse of f^^- D 



1.5. Noncompact manifolds 

This section is more of an informative one with no complete proofs. The idea is that 
for a noncompact M everything should go the same except the compactness of 
has to be replaced by the properness of the canonical map M,^ — > S^. 
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Let us try to summarize what possible complications could arise. The first one is that 
we do not have a characterization of the maximal ideals in TZ. There are certainly more 
than just ones of the form m^. for x G M, the other correspond to some behaviour "at 
infinity" (the second part of the next proof shows that such ideals do not contain any 
proper function; in fact not even a function with a compact spectrum). Nevertheless 
the additional maximal ideals have infinite codimension: 

Proof (based on the proof of lemma 35.8. of [KMS]). Suppose that / 
is a maximal ideal of finite codimension and such that sp(/) = 0. Take any proper 
function h E TZ. As TZ/I is finite dimensional, the vectors h + I , h"^ + I , . . . must be 
linearly dependent and so there is a nonzero finite linear combination 

n 

g = "^aih" e I 

1=1 

One can see easily that g is itself proper as it is a composition 

g:M ^R^R 

with p = ^ OjX* a non-constant polynomial, hence proper. In particular g~^{0) 
is compact. The collection of closed subsets sp(/) = /~^(0) with / running over 
elements of I has by assumption an empty intersection. Therefore (remember g~^{0) 
is compact) there is a finite number of elements /i, ...,/„ G / such that 

sp(/i) n ■ ■ • n sp(/„) = 

Then + ■ ■ ■ + G / is positive on M and is therefore a unit in TZ, a contradiction 
to maximality. □ 

Therefore we obtain the same results about the structure of submodules of finite 
codimension. We can even find a finite dimensional transversal (the proofs did not 
use compactness). 

Problems arise in the proof of Proposition 11.161 (as there exist maximal ideals of 
infinite codimension now. Nevertheless the conclusions - Ud injective and reflecting 
inclusions - can be proved easily for D rtl M^^+i using intersections) and of continuity 
of the natural map tt : U^Md in Theorem 11.281 
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Simplex on a space 

The purpose of this chapter is to derive a spectral sequence for computing the Cech 
cohomology with compact supports of the target of a surjective finite-to-one proper 
map f : X —>■ Y. The idea (taken from |Vasj . |Vas2] ) is to replace Y by its "reso- 
lution" Rf. It is a space with the same Cech cohomology as Y and with a natural 
finite filtration such that R^f = X and R^f — R^~^f has an interpretation in terms 
of {p + l)-tuples of points mapping to a single point. The spectral sequence is then 
just a spectral sequence associated with this filtration. The resolution Rf is obtained 
from the following construction. 

Let J- denote the category of finite sets and all maps between them. There is a functor 
A : JF — > Top sending K to 

AK = a "free" convex hull of K 

To be more precise it is a convex hull of K inside the free M-vector space on K. 
We think of JF as a (full) subcategory of the category Top of compactly generated 
Hausdorff spaces. The topological left Kan extension of A along the inclusion yields 
a functor Top Top which we will also denote by A 

AX := / map{K,X) x AK 

(for coends see Section IX. 6 of [Macj ) . The space AX is what one would call a 
simplex on X. To give an evidence we describe how one thinks of elements of AX 
as (free) convex combinations of points in X. For start, points in AK are convex 
combinations of elements of K whereas a point in map{K, X) identifies these elements 
with some points in X. Hence the points in the product map{K, X) x AK can be 
thought of as convex combinations of points in X together with a labeling of these 
points by elements of K. The coend then quotients out the relations we would 
expect: bijections identify all the possible labelings (so that we are left just with 
convex combinations of points in X), inclusions tell us that we can leave out any 
summand of the form ■ x and surjections give the relation s-x + t- x = {s + t)-x. 
Note that for a finite discrete space K this agrees with our previous definition of AK. 

Remark. There is a different description of this construction. The functor A : Top — >■ 
ConvTop is the left adjoint of the forgetful functor ConvTop —>■ Top defined on the 
category of convex topological spaces (a topological space X together with a map 
/ X X X X — > X thought of as the map {t, x, y) t-^ (1 — t)x + ty satisfying certain 
relations) . 

A fibrewise version of this construction for spaces f : X —>■ Y over Y needs just a 
small modification: instead of allowing all convex combinations one only considers 
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combinations of points in a single fibre. In effect one replaces map{K, X) by Xy , the 
subspace of those maps g : K ^ X for which fg:K^Yis constant 

AyX := Xp X AK 

We have the following pullback diagram (as AyX is a subspace of AX) 

AyX > AX 

J 

Y >AY 

T has a filtration by full subcategories JF„ of sets of cardinality at most n+ 1. Hence 
we get a filtration of AyX by the ra-skeleta: 

AyX = cohm^^X = ^yX ^ ■■■^ A^X ^ ■ ■ 

where 

A^X ■= I X^ xAK= I X^ X A'^K 



All the maps Ay ^X ^ AyX are easily seen to be closed inclusion^] and 

Ai."^X = A^X - A^-^X = X^"+^^ xs„+i intA*^ (2.1) 

where X-j^'*'^'' denotes the subspace of Xy'^^ of {n + l)-tuples of distinct points in 
X (lying in one fibre over Y) and intA" denotes the interior of the standard n- 
dimensional simplex. From now on we assume that all the spaces admit a proper 
map g : X ^ IR+ (the nonnegative real numbers). Such spaces are necessarily locally 
compact and paracompact (and the converse is true for connected spaces). 

Lemma 2.1. Let K c AX he a compact subset. Then suppfT, i.e. the closure of the 
set of points in X which appear in some element of K with a non-zero coefficient, is 
a compact subset. 

Proof. For this proof we introduce a useful tool - an extension map 

E : map(X,M) map(AX,M) 

defined as an adjoint of 

: AXx map(X,M) 

sending {^tiXi,g) to J^'^idi^i)- '^^^ be easily seen to be continuous. 

Let us start with the proof now. Assume that suppi^ is not compact. Then there is 
a sequence of points e X such that g{xn) oo and such that Xn appears in some 
element of K with a nonzero coefficient t„. Let : M — M be any map such that 
k{g{xn)) > n/tn- Then E{kg) is unbounded on K giving a contradiction. □ 



hhe idea is that one can think of A^r^X ^ A^X as J^^-^" x A'^'^K — > J^^-^- x 
A^K and show exphcitly that it is closed from the fact that the maps /* : Xy Xy are closed for 
f : K ^ L surjective. 
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Corollary 2.2. Suppose that f : X ^ Y is a proper map such that the number of 
preimages |/~^(?/)| is hounded on every compact subset ofY. Then the induced map 
AX AY is also proper. 

Proof. Suppose that K C AY. Then K C A'^Y for some n. On a com- 
pact subset suppK C Y, \f^^{y)\ < k and finally {Af)^^{K) is a closed subset of 
A*^"'(/~^(supp i^T)) which is a compact space. □ 

Let us restrict ourselves to the case of a surjectiv^ proper map f : X ^ Y . As we 
noted earlier we have a puUback diagram 

Rf ■= AyX c > AX 

J 

/ A/ 
Y^ >AY 

and for simplicity we denote Rf := AyX. It is easy to check that /, as a pullback of a 
proper map, is again proper. Therefore Rf admits a proper map to ]R_|_. Moreover, the 
fibre of / at each point is a (finite-dimensional) simplex. In particular, by Vietoris- 
Begle Theorem IC.41 / induces an isomorphism in Cech cohomology with compact 
supports. As we have seen above, Rf has a natural filtration by 

R" f = A^X = / X^ X A"ir 

We then get a spectral sequence with 

^ HP+%RPf, RP~^f) = H^+^iRPf - R^'^^f) 

(the isomorphism coming from Proposition II. 12.2. and II. 10.2. of [Bre] ). When 
\f~^{y)\ is bounded on Y then the filtration is finite and the spectral sequence con- 
verges to HP+''{Rf) ^ Hl+i{Y). We have an identification (El]) 

R^p)f = RPf - RP-^f ^ xs,+, intAP 

and therefore, by the Thom isomorphism, Ef'' = iy^(Xy^^^; sign) where Xy"*"^' = 
p+i and sign denotes the system of coefficients on Xy"^^^ given by the com- 
position 

4^+1] _^ BZ/2 

where the first map represents the principal Sp+i-bundle Xy^^^^ — » Xy . Therefore 
we have a result: 

Theorem 2.3. For a surjective finite-to-one proper map f : X ^ Y we have a 
spectral sequence 

E^" = i^,^(xj?+'^; sign) Hl-^^Y) 
which converges if \f^^{y)\ is hounded onY . □ 



^When applying the following to a non-surjective map we just need to replace y by im / - as 
an image of a proper map it is a closed subspace and so it possesses a proper map to R+: simply 
restrict any proper map Y to im/. 
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Remark. There is a different way to define the topology on Rf (when Rf Y is 
proper, the case that we considered). Remember our extension map from the proof 
of Lemma 12.11 

: AX X map(X,M) R 

and consider its other adjoint 

E: AX map(map(X,M),M) 

I do not know whether E expresses AX as a subspace of map(map(X, M), M) but I 
doubt it. Nevertheless for a locally compact Hausdorff (or completely regular for this 
matter) space X the restriction of to X is a subspace inclusion 

X ^ map(map(X,M),M) 

Therefore we have a commutative diagram 

Rf Rf ^ > map(map(X,M),M) 

I 

/ I / 
Y^=Y^ > map(map(F,M),M) 

where Rf denotes the image of Rf in map(map(X, M), M), i.e. the same set Rf but 
with the subspace topology. As / is proper, so are / and g. Then g is a. bijective 
continuous proper map between locally compact Hausdorff spaces and is therefore a 
homeomorphism . 
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A transversality theorem 

In this chapter we present a transversahty theorem for affine maps from topological 
affine spaces to sections of an affine bundle claiming that a certain subset is residual. 
For this to have some weight we prove that the affine spaces that we consider - the 
topologically finitely generated affine 7^-modules - are Baire spaces, i.e. residual 
subsets are dense. 

We will be considering maps : P ^ C^{M, N). We denote by y?^ the adjoint 

if^ : Px M ^ N 

For the following let us denote by C^{M,N) the subspace of C°°(M, A^) of those 
maps / for which f~^{dN) = dM. 

Lemma 3.1. Let M, N he smooth manifolds and A C N a submanifold without 
boundary such that either A C N — dN or A C dN. Let there be given two open 
coverings: \J of M and V of A. Let P be a topological space and (f : P ^ Cq^{M, N) 
a continuous map where Cq^{M, N) is given the weak topology. Assume that for 
every pq & P and every U & U , V & V there is a finite dimensional manifold Q and 
a continuous map g : Q P with po in its image such that 

„ qxincl _ , ^ ipf -, _ 

Q xU — > P X M N 

is smooth and transverse to V . Then the set 

X:= {peP\ ifip) (h A}C P 

is residual in P. 

Proof. Following the proof of the Theorem 4.9. of Chapter 4 of |GG] , let us cover 
M by a countable family of compact disks Yi that have a neighbourhood f/j G U and 
at the same time we choose a covering of A by a countable family of compact subsets 
Zj that have a neighbourhood Vj G V. Then the set X is a countable intersection of 
the sets 

Xij ■= [pe P \ (f{p) ftl Zj on Yi} 

and it is enough to show that each Xij is open and dense. The set of maps M ^ N 
transverse to Zj on Y^ is open in C°°{M, N) and Xij = ip^^{Xij) so it is also open. 

To prove the denseness we fix po ^ -P and choose a map g : Q —' P with po = 9{Qo) 
such that the map 

h:QxU^^N 
41 
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from the statement is smooth and transverse to Vj. By the parametric transversahty 
theoremQ the points g G Q for which h{q, — ) fti Vj is dense in Q. In particular qo lies 
in the closure of this set and hence po lies in the closure of its image in P. But this 
image certainly lies in Xij. □ 

For the next corollary we denote by Lp^''^ the following map 

^(k) . p — ^ C'~(M, N) — > C^{M^^\ N^) 

The second map sends / to /'^^/{fc) and it is clear that it is continuous in the weak 
topology. 

Corollary 3.2. Let M , N he smooth manifolds and A C a submanifold without 
boundary lying in a single depth diN — di^iN of the boundary of N. Let there be 
given two open coverings: U of M and V of A. Let P be a topological space and 
if : P ^ C^{M, N) a continuous map where C^{M, N) is given the weak topology. 
Assume that for every po E P and every U E U , V eV there is a finite dimensional 
manifold Q and a continuous map g : Q ^ P with po in its image such that 

QxU P X mC^) N" 

is smooth and transverse to V . Then the set 

X:={peP \ ip^''\p) (\)A}C P 
is residual in P. □ 

Proposition 3.3. Let V be a topological affine space (overM.), M a smooth manifold 
and E ^ M a smooth finite dimensional affine bundle. Let A ^ E be a submanifold. 
Let if : V TE be a continuous affine map, where the set TE C C°°{M,E) of 
sections of E is given the weak topology. We denote by ip^ the map 

^\-,x):V^E^ 

where E^ is the fibre of E over x. Let us assume that for each x G M the image 
i-Pxiy) is either the whole fibre E^ or is disjoint with A. Then the set 

X:= {veV \ ip{v) (h A}C V 

is residual in V. 



Proof. Because of the assumptions we can replace M by its open subset where 
(fx is surjective. In effect we can therefore assume that y?" is surjective. 

As v^a; : V ^ -Ea; is a surjective affine map and E^ is finite dimensional we can find a 
splitting. Let us denote the image of such a splitting by Qq and give it the Euclidean 
topology. Then the restricted map 

Qo X M — >Vx M ^ E 

is affine and moreover isomorphic on the fibre over x. Therefore there is a coordinate 
disk K around x such that this map is isomorphic over K. If v G V, then taking the 

^cf. Theorem 2.7. of Chapter 3 of [Hir| . For manifolds with boundary /i^^(Vj) is still a 
submanifold. 
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afiine hull Q = {Qo,v) of Qo U {?,'} (again with the Euclidean topology) we see that 
the hypothesis of the last lemma is satisfied. □ 

The proper setup for the multi- version is the affine bundle 

^ M^'^) 

which is just the restriction of E'^ — > to M^^\ There is a canonical continuous 
affine map VE — )• V{E^^^ and we denote the composition 

yJ^YE-^T{E%^) 
by ifk- As a corollary of the last proposition we get: 

Corollary 3.4. Let V he a topological affine space (overM.), M a smooth manifold 

(k) 

and E ^ M a smooth finite dimensional affine bundle. Let A C Ej^ be a sub- 
manifold. Let ip : V ^ TE be a continuous affine map, where TE C C°°{M,E) is 
given the weak topology. Let us assume that for each {xi, . . . ,Xk) £ M^''^ the image 
ifxi X • • • X <fxk)0^) either the whole product E^^ x • • • x E^^. of fibres or is disjoint 
with A. Then the set 

is residual inV. □ 

Proposition 3.5. Under the assumptions of the last proposition let Vi G dir V, 
i — 1, . . . ,n be any elements of the underlying vector space of V. Define a map 

(fi-.V^ C^iM x W,E) 

or rather its adjoint 

(p^ -.Vx M xW ^ E 

by the formula 

(p\v,X, (Ai)) = {lp{v + XiVi H h XnVn){x)) 

Then the set 

X:^{veV \ (fi{v)(hA}CV 

is residual in V. 

Proof. Let E x M" ^ M x M" be the product bundle and define ip : V ^ 
r{E X R") by 

0^{V,X, (Xi)) = {(p{v + XiVi H h XnVn){x), (Xi)) 

Obviously X = G V | (p{v) &\ A x M"} and to apply the last proposition it is 
enough to verify that (p is continuous. We can express (p'^ as 

{{^{v) X id) + {<p{XiVi H h XnVn) X id)) {x, (A^)) 

and therefore <^ is a sum of two terms the first of which is the composition 

y Jt^YE — >r{Ex M") 

while the second is constant. □ 

Again we have a multi- version: 
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Theorem 3.6. Under the assumptions of the last corollary let Vi G dir V, i = 1, . . . , n 
be any elements of the underlying vector space ofV. Define a map 

(Pk-.V [m^^^ X M", E^^^ 

or rather its adjoint 

: V X M^'^) X ^ E^^ 

by the formula 

Then the set 

is residual in V. 

Proposition 3.7. Let M be a smooth manifold. Then every topologically finitely 
generated affine C^lMjR) -module is a Baire space, i.e. every residual subset is 
dense. 

Proof. This is almost a triviality. Let TZ = C°°{M, M) and V be a topologically 
finitely generated affine 7^-module. It is well-known that TZE = C'^{M, E) is a Baire 
space. We have a quotient map 

p-.TlE^V 

As it is essentially a quotient by the action of a group - the kernel of this map - it is 
an open map. Hence if t/j C V, i = 1, . . ., are open dense subsets then so are p~^{Ui) 
and so 

V = p[^p-\U,)^ Cp(f|p-i(t/,)) =f|t/, 

□ 

Remark. This works well for both the strong and the weak topology on 7^ = 
C°°(M, M) but note that in the strong topology while 7^ is a topological ring it is 
not a topological M- algebra unless M is compact. 



CHAPTER 4 



A spectral sequence 

This chapter is the heart of the whole thesis. It is based on the article |Vasj of 
Vassiliev. First we have to explain what our setup is. We have a (topologically 
finitely generated) affine 7^-module V and its "representation" on an afiine bundle E 
over M which is a certain map ip : V TE to the space of smooth sections of E. 

Typically E is a. jet prolongation of some affine bundle E and V consists either of 
all sections of E or of all integrable sections - those that come from sections of the 
bundle E (so that in this case one can think of V as TE) . The next piece of data is a 
"prohibited" closed subset ACE. The main interest of the thesis is in the subspace 
Va of V consisting of those f G V for which v?(f ) G TE is a section that does not 
intersect A. 

We closely follow [Vasj . |Vas2j and construct (in this abstract setting) a spectral 
sequence computing homology of Va- Here we have to assume that ^4 is a stratified 
subset of E of codimension at least dimM + 1. The main idea is to approximate V 
by finite dimensional affine subspaces D which "have good transversality and inter- 
polation properties" . 

These properties ensure for example that for all v E D the section ^{v) has only 
finitely many intersections with A. Let us denote by X the space of pairs (w, x) 
where v G -D and x G M is a point such that the section 93(f) meets A at x. Then we 
can reformulate this finiteness condition as the projection map X ^ D being finite- 
to-one. This is where the spectral sequence of Chapter [2] comes up. It converges to 
the cohomology of the image of this projection which is clearly D — Va- Alternatively, 
by Alexander duality, it converges to the (reduced) homology oi D P\ Va- Depending 
on the "interpolation quality" of D one can identify a range of entries on the E'l-page. 

With a bit of work one can glue these individual spectral sequences (for various finite 
dimensional affine subspaces D) to a single one where one is able to identify the 
whole i?i-page and it turns out that it does not depend on V too much. Therefore 
an affine 7^-homomorphism a : W — > V is very likely to be a homology isomorphism 
provided that both spectral sequences (for U and V) converge. Two criteria are given 
at the end of the chapter together with the above mentioned fundamental example 
of sections of a jet bundle and the submodule of integrable sections. 

4.1. The spectral sequence 

As was said in the introduction the main object of our study is a representation of 
a topological 7^-module on a vector bundle E —>■ M and the main example that we 
have in mind (and which should therefore satisfy our definition) is the map : TE — »• 
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r{J^'F) sending a section of a vector bundle F to the corresponding integrable section 
of the jet prolongation E = J^F. 

Thinking of £^ as a vector bundle, TE becomes an 7^-module but the map is not 
7?.-linear. An 7?.-homomorphism (p : V ^ TE can be equivalently described as an 
R-linear map that has the property ip{IxV) C I^TE. The map satisfies a weaker 
condition j'''{{IxYVF) C I^TE. This is the most economical description of what our 
notion of a representation should be which is even sufficient for the construction of the 
spectral sequence. In next chapters however we will need more structure associated 
with representations. In order to describe it we make the following observations. 

We consider the bundle J'^{M, M) ^ M of algebras (over the trivial bundle R x M ^ 
M) and denote J^'TZ = r(J''(M,M)). The inclusion R x M C J''(M,R) then induces 
an algebra homomorphism : TZ .VTZ. Every vector bundle E M has a 
canonical fibrewise action of R x M — > M and this is how the action of 7t on TE 
arises. Suppose now that there is a fibrewise action of J''(M, R) on E extending the 
canonical action of R x M. Then TE becomes a J''7?.-module and restricting the 
action of J'^TZ along : TZ ^ J^TZ we recover the original 7?.-module structure of TE. 
On the other hand we also have an algebra homomorphism f -.TZ ^ J^TZ sending a 
section / to its r-jet prolongation f 'f and we denote by f 'TE the 7^-module obtained 
by restriction along j^. It is generally different from TE. 

Definition 4.1. By a -representation of an 7^-module V on a vector bundle E 
over M we mean an action of J^{M, R) on £■ as above together with an 7?.-finear map 
</? : V — > fTE. Note that always </?((/j;)''V) C I^TE as the action is fibrewise. 

By an affine j'^ -representation of an affine 7?.-module V on an affine bundle E over M 
we mean an action of J^(M, R) on the underlying vector bundle of E together with 
an affine 7?.-homomorphism : V ^ fTE. 

Definition 4.2. For the purpose of this chapter wc use the following definition of a 
stratified subset. Let M be a smooth manifold. We say that X C M is a stratified 
subset if there is given a finite decomposition 

k 

x = WXi 

of X into disjoint subsets that are submanifolds of M with either Xi C M — dM 
or Xi C dM and such that each partial union IJ^^q X^ is closed in M, j — 0, . . . ,k. 
We call this decomposition a stratification of X. 

The advantage of this definition is that it is closed under transverse puUbacks, i.e. 
if / : — > M is a smooth map such that / iti for alH = 0, . . . , A; then f~^{Xi) 
provide a stratification of /"^{X). 

On the other hand this definition is strong enough to say something about cohomo- 
logical properties of X. We define the dimension dimX of X to be the maximal 
dimension of its stratum. 

Lemma 4.3. H^{X; ^) = for all n > dimX and any coefficient system A on X . 
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Proof. We have a spectral sequence = HP+''{Xp; A\x,) HP^''iX;A) as- 
sociated with the filtration of X by |Ji=o -^i '^^^ assumptions this spectral 
sequence vanishes outside of < p + g < dimX. As it converges the same holds for 
HP+'^{X;A). □ 

Notation. In this chapter let V a topologically finitely generated affine 7^-module, 
C, : E —>■ M a.n affine bundle with e the dimension of the fibre, : V —>■ j'TE an 
affine ^''-representation of V on E, M the subset of all points x G M for which (px 
is surjective, A C E a. closed stratified subset such that outside of M the image of 
(fx '■ V —>■ Ex is disjoint with A. We denote 



(co dimension of A in E) 



m 



From now on we will assume that c > or in other words that the codimension of A 
in E is at least m + 1. We are interested in the space 

V^:={veV \ im{ip{v)) n A = 0} 

here particularly in its homology groups. 

Construction 4.4. We recall the multi-version of ip 

ipk-.V ^TE -^T{E^^^) 

We will also use its adjoint ipl : V x M'^^^ — > -E^"*. We claim that for (xi, . . . ,Xk) G 
M^^'' the map 

: V (4?) = Ex,^---^Ex, 

is surjective. This is because for any z G {1, . . . , A;} and for any w G Ex^ there is f G V 
with ip>{v){xi) = w] multiplying v by any function A which is 1 near Xj and near the 
remaining points we get 

i 

(Pk{Xv){xi, . . . , Xfc) = (0, . . . , 0, lu, 0, . . . , 0) 

We also have a multi- version A^^^ of the stratified subset A in E^^j , its codimension 
is k{c + m) and on the fibres over points outside of M^'^'^ the image of y^l. is disjoint 
with A^^. 

Proposition 4.5. There is a sequence of finite dimensional affine subspaces Dd C V 
satisfying 

(Id) For each k the map ip\ : D^x M^^^ —>■ E^^^ is transverse to (each stratum 
of) Ak. ~ 

(2,) D,(hSdr{V). 

(3) Dd C Dd+i and the union [J^.^'d is dense in V. 

Proof. First note that conditions (2^) and (3) depend only on the direction 
spaces of Dd- Theorem 11.151 ensures . for each d, an existence of a finite dimensional 
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D'^ satisfying (2^). It is also well-knowi^l that a sequence of finite dimensional D'^ 
satisfying (3) exists. Therefore 

D'!l = D', + ... + D', + D':, 

is clearly a sequence of direction spaces satisfying both {2(1} and (3). According to 
Theorem 13.61 we can find f G V such that = v + D"^ will fulfill even (l^^): the 
number of conditions imposed on such a f is countable (one for each d and A;) and 
each such condition is satisfied by a residual subset. □ 

Let us try to explain now what these conditions are good for. We start with the 
condition (3) which roughly says that approximate V well. This is made more 
precise in the following lemma. 

Lemma 4.6. Whenever Dd is an increasing sequence of affine subspaces of a locally 
convex topological affine space V such that Doc := [Jd^d is dense in V then for any 
open subset U we have the following isomorphisms 

colim H,{Dd nU)= H,{D^ nU)= H,{U) 

Proof. The idea of the proof is as follows. Define H^^{X) for any open subspace 
X of a locally convex topological vector space in the same way as singular homology 
but only allowing affine maps A*^ X. We prove that the natural inclusion induces 
an isomorphism if^'^(X) = To do so, for a covering U of X by open convex 

subsets, we introduce Hf^{X, U) where image of each simplex has to lie in one of 
the elements of U. It is a standard fact that the inclusion induces an isomorphism 
U) = H^{X) and the same holds for the affine version hence we are left to 
show that in the diagram 

Hf{X,U)^Hf{X) 

H,{X, U)^^H4X) 

the map Hf{X, U) ^ H,{X, U) is an isomorphism. One can easily check that the 
inverse is induced by "straightening" the simplices, i.e. by replacing every singular 
simplex by the unique affine simplex having the same vertices. Hence we can replace 
the singular homology H^, in the statement by its affine version H^^. This proves the 
first isomorphism. The second one could be proved by an easy observation that one 
can perturb slightly (without changing the homology class) any affine chain in U to 
one in D^o nU. □ 

This leads us to investigating H^{Dd fl Va)- The conditions (1^) and (2^) that we 
impose on these spaces will allow us to construct a spectral sequence for it. Hence let 
us fix a finite dimensional affine subspace Z) C V satisfying both (1^) and (2^). The 
proof of the last lemma also shows that H^{D fl Va), being isomorphic to a purely 
algebraic group Hf^[D fl V^), does not depend on the topology of D as long as this 

""^It is certainly well-known for free 7?,-niodules TIE = C°° (M, E) of finite rank and this property 
clearly passes to quotients. 
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topology makes D into a locally convex topological vector space in which Va is open. 
Therefore we can and will assume that the topology on D is the Euclidean topology. 

Let us denote hj X (Z DxM the stratified subset of points {v, x) for which ipx{v) G A. 
We denote by vr the composition X D x M D. Now we can draw some 
consequences of (1^). First we need a multi- version of the stratified subset X. For 
every k we have the following diagram where the square is a pullback square 

X^^ (4.1) 

J 

4 ^ ^(k) 




D X M(^) EIj 



(for /c = 1 we are getting xj^"* = X and vr^ = tt). The condition (1,^) then implies that 
X^-* is a Sfc-equivariantly stratified subset of dimension dimX^-* = dimZ) — ck. This 
will be important later, for now we only need to know that for k > dimD, X^^ = ^ 
or in other words |7r^^(f )| < dimD for every f G -D. Theorem 12.31 provides a spectral 
sequence 

El\D) = H^+\R^p^tt) = ^,^(xg+'l;sign) 

that converges to 

iy^^(im(7r)) = ^dimD-(p+,)-i(i^ n Va) 

(by Alexander duality). We will now identify H^{X^'^^^ ; sign) using the condition 
{2d)- Assuming that p < d the map V^p+i : D X M(p+i) — > E^^^^^ is fibrewise 
surjective. This is because the projection on the fibre over (xq, . . . , Xp) has kernel 

^-\h,---h^{TE))Z^{hJ...{hjV 

and D dl {hJ ■ ■ ■ {hjV G S(p+i),,(V). Note that then 

^J^, : D X M(-+i) 4"^^) 

is a fibrewise surjective affine map between affine bundles over M^p^'^^ and so it is 
itself an affine bundle. By restricting this bundle to Ap^i we obtain a Sp+i-equivariant 

affine bundle xj^^^^^ ^ ^5^?+^^ as in the diagram (14. ip and by further taking Sp+i- 

orbits an affine bundle 

By the Thom isomorphism 

^c^(^S^''; sign) = t.i( VO + sign) 

where t = dimD — e{p +1). As we mentioned earlier, this is under the assumptions 

that p < d. 

Note. One can express wi(/ip+i) in terms of wi{^) as follows. We have the following 
composition 
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where the first map is a transfer map for the covering 

M{p+i) ^ Mb+i] and the second 
map is a projection on a factor (does not matter which one). Applying Hom(— , Zi/2) 
we get a map in cohomology 

H\M; Z/2) — > H\M^P+^^;Z/2) — > H\A^^^^^^;Z/2) 

A-'l 



the second map being induced by the obvious map 



]Vf[p+i]. The image of 



Wi{^) is Wi{h 



p+i. 



+ e ■ sign. 



Our aim now is to glue the spectral sequences for all into one and discuss its 
convergence. First we deal with some naturality issues for a single spectral sequence 
as above. Suppose that D' ^ D and that D' also satisfies (1^) and (2;^). We have the 
following diagram of spaces 




X = R'tc 



Here p : D ^ IR+ is any seminorm on D with kernel D' (equivalently a norm on 
D I D') . Thinking of the middle row as a diagram of spaces over ]R_|_ via p the top row 
consists of fibres (over 0) of these spaces. 

Proposition 4.7. There is a natural way of defining and ij-^^ in such a way that 

= V and the following diagram commutes (a morphism of exact couples extending 
V on the colimit) 



H. 



*-i 



H*{RPtx') 



(p) 



H*+^-^{RP-^7i) > H*+\R^P\) > H*+\RPn) > H*+\Rp~^ 



where 5 = dimD — dimD'. Moreover, if p < d then z^^^ is the Thorn isomorphism 

Proof. The idea is as follows. The map i' : H*{Rn') 
obtained by taking a colimit e ^ of 



H*+%Rtt) can be 



H:iR7r') ^ H:{p^%e]) ^ H:^\p^\[0,e], {e})) - 

- H:^\p^\R^, [e, oo))) ^ H^'iRn) 

which makes the first arrow an isomorphism. This is proved in the Appendix [D] in 
Theorem ID.3[ The second map is a cup product with the puUback along Rtt — > D 
of the generator of H^{p~^{[0,e], {e}). We can now define ip and ij^^^ by the same 
formula replacing oo by p or {p) and the commutativity of the diagram then follows 
from various naturality properties of the maps involved. 
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Taking a different seminorm one can construct a comparison map from the above 
diagram for p and e to the same diagram for p' and e' . It is easy to see that in the 
cohmit this map is an isomorphism - its inverse is constructed in exactly the same 
way. Therefore our construction does not depend on the seminorm p. 

The last part follows from the fact that in this case R^^^tt' R^'^^tt is an inclusion 
of (the image of) a section of an affine bundle and in this case the above constructed 
map is precisely the Thom isomorphism. □ 

This ensures that we get a morphism of the corresponding spectral sequences. First 
we have to rewrite the spectral sequence in a homological way by transformation 
p <-> —p — 1 and q ^ dim D — q 

El^{D) = i^dimD-(p+g)-l(^(-p-l)^) ^ ^"^ (Xj^^l ; sigu) 

converging to Hp^q{D fl Va)- Stably (when p > —d — 1) we have 

EUD) = H-^'-'iA^g'^ Mh^p) + sign) 
Now we can define a colimit spectral sequence 

El^iy) = cohm^,^'-^^-(P+^)-^(i?(-P-i)7r,) ^ ^p+,(Va) (4.2) 

using Proposition 14.71 Also from this proposition it is clear that 

El,{V) = H:'^-\A^g''\ w,{h^,) + sign) 

for all p and q. As we discussed before E^^{D) always converges. Now we want to 
give some sufficient conditions for the convergence of E^^iV) =^ Hp+qiVA)- 

Proposition 4.8. If E^^iV) = then the spectral sequence converges. In other words 
in this case ^/^(Va) = 0. 

Proof. Up to a change in the indices H^{Dd H V^) is identified with H*[R'Kd) 
and for d' ^ d the latter is mapped to the stable part of H*{RTidi) which by our 
assumptions is 0. In other words the map H^i^D^ H Va) H^^D^' H Va) is for 
d' ^ d. As H^iVA) — colim H^{Dd fl Va) this clearly proves the claim. □ 

Proposition 4.9. Ifc > 1, or in other words if the codimension of A in E is at least 
m + 2, then the spectral sequence E^^iV) =^ Hp^qiV) converges. 

Proof. The proof is similar. Clearly El^{Dd) = iJf '^^'^''^(xj^J^; sign) is for 
p > 0. Hence we assume p < and we recall that X^^J^ is a S_p-equivariantly 
stratified subset of Dd x M^~'p^ of dimension at most dim Da + cp. Therefore we also 
get Epg{Dci) = for g < —cp. Consequently for a fixed n and for d ^ 0, r ^ 

both Hn{Dd) and i:ot{El^{Dd)) ^ = ®p+q=nEpq{Dd) do not depend on d and r. One 
concludes that the colimit spectral sequence converges from the convergence of each 

Elq{Dd). □ 
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Theorem 4.10. Suppose that c > 1 and that a : U C V is a topological suhmodule 
such that {ipa)x is still surjective for all x G M . Then the map a a '■ Ua Va is a 
homology isomorphism. 

Proof. We have a map of spectral sequence^ E^J^) —>■ E^^lV) and on the 
-E^-page this map is an isomorphism. Hence so is the map on the hmits. □ 

4.2. Examples 

The following is a fundamental example. 

Example 4.11. Let F — > M be a finite dimensional affine bundle and set E = J^F. 
Then there is an obvious action of J^{M, M) on E and we have a topological 7^-module 
V = fVE (which is topologically finitely generated by Example 11.441) . Obviously 
lA = TF can be identified via j^' with an 7^-submodule of V of integrable sections. 
Clearly = id : V TE is surjective on fibres as is ipj"^. Therefore by the last 
theorem we know that if c > 1 then the inclusion map (FF)^ ^ (r(J''F))^ is a 
homology isomorphism (this will be improved to having acyclic fibres in Theorem EH]). 

Example 4.12. To illustrate what the spaces appearing in the spectral sequence 
Ep^ = Ep^iy) are let us take V = TE, the space of sections of a vector bundle 
C, : E ^ M oi dimension at least dim M + 2 and let A = M be the zero section. Then 
with respect to the representation id : V ^ TE we have M = M and 

= H-'^-'iA^g^; Mh-p) + sign) = H-'P-'^iM^-P^; (pr ■ tr)*«;i(0 + (e + l)sign) 

converging to the reduced homology of the space of sections of the associated unit 
sphere bundle. 



We are cheating here a bit. But it is not difficult to arrange the subspaces Dd in U and V in 
such a way that a preserves them. Also later we prove independently a stronger result. 
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Constructing the homotopy fibre 

In the previous chapter we saw that an affine 7?.-homomorphism a : U ^ V induces 
a homology isomorphism : ^ Va if it is "enough surjective" . In this chapter 
we make the first step towards the proof of a stronger result that all the homotopy 
fibres of a a are acyclic (have zero homology). This step consists of constructing the 
homotopy fibres in our realm of ^'^-representations of topologically finitely generated 
affine modules. A simple computation in the next chapter then shows that the first 
page of the basic spectral sequence fl4.2p is zero. 

In the first section we construct the underlying module and show that it is topolog- 
ically finitely generated. In the next section the ^''-representation is described while 
the biggest part is devoted to the proof that what we get is indeed the homotopy 
fibre. 

The actual construction is best understood on the example of the space V = T{F) 
of sections of an affine bundle F and its submodule U. Classically the homotopy 
fibre would be a certain subspace of the space map(/, V) of continuous paths in V. 
Remembering that V = T{F) we can identify the path space map(/,V) with some 
subspace of the space r°(F x J) of continuous sections of F x J — M x /. We 
follow the same idea but take only smooth sections. This corresponds in abstract to 
an extension of scalars. We have a topological algebra TZ^ = C°°{M x /,M) and an 
inclusion map IZ ^ IZ^ . Our space of sections of F x J is then nothing but IZ^ V. 

The topological tensor product is not as well-behaved as is the algebraic one in general. 
Its basic properties on the category of locally convex topological vector spaces are 
gathered in Appendix |Al In Appendix [B] a proof that TZ is locally convex can be found. 
As locally convex topological vector spaces are closed under products and quotients 
every topologically finitely generated 7?.-module is also locally convex. Therefore we 
do not lose anything in assuming that all 7?.-modules in this chapter are locally convex. 

5.1. The algebraic part 

We consider the smooth manifold M x I and set TZ^ = C'^{M x /,]R). There is a 
natural inclusion e : 7^ C TZ^ induced by the projection M x I M. For any t G / 
one gets a splitting rest '■ TZ^ ^ IZ oi the above inclusion TZ C TZ^ induced by 

M = Mx{t](ZMxI 

Therefore every topological 7?.^-module is canonically a topological 7^-module and 
for every topological 7^-module V we have an induced topological 7^^-module : = 
IZ^ ®Ti V together with a split inclusion e : V ^ . Also if V is topologically finitely 
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generated then so is . Indeed, tensoring the quotient map TIE — > V with 71^ yields 
a quotient map 

Lemma 5.1. // we denote the I-coordinate function by t then there is a split short 
exact sequence 







i(i-l)- 



{reso,resi)'^ 



7^ X 7^ 







of TZ-modules. 



Note. As the category of topological 7?.-modules (or topological vector spaces) is not 
an abelian category we have to be a little careful here: 







A 



B 



C 







is a short exact sequence if A is the kernel (in the sense of topological 7^-modules) of 
q and C the cokernel of In other words if it is a short exact sequence of 7?.-modules 
such that A has the subspace topology and C the quotient topology induced from B. 
The formulation of a split short exact sequence we are going to use here is that of a 
commutative diagram 






such that ip + jq = id. In such a situation we say that B is a biproduct of A and C. 



Proof. The second map has a section sending (/o, /i) to f{x, t) = (1 — t)fo{x) + 
tfi{x). Now we construct a section of the first map. For {x,t) E M x I we define a 
2-simplex a(^x,t) : — > M x / to be 

(^ix,t) = [ix,0), (x,t), {x, 1)] 

and then for f E 71^ we set 

J if,x,t) ■■=]:■ I ftt(^{x,€) 

The map p : IZ^ — * IZ^ defined by p{f){x, t) = J{f, x, t) is continuous and by Lemma 
11.191 has the property that 

t{t - l)p{f) {x, t) = fix, t) - (1 - t)f{x, 0) - tfix, 1) 

Therefore it is a splitting of the "multiplication by t(t— 1)" map (as this multiplication 
map is clearly injective). The same formula proves that these splittings describe TZ^ 
as a biproduct of 71^ and 71 x 71. □ 
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Corollary 5.2. Let V, Vo, Vi be topologically finitely generated IZ-modules, let ai : 
Vi ^ V be TZ-homomorphisms. Then the IZ^ -module W defined as the pullback 

W > Vo X Vi 

(resn.resi)'^ 

— ^ V X V 

is also topologically finitely generated. Here the 'Rj -module structures on V x V and 
Vo X Vi are induced by TZ^ — - — ^ TZ x TZ. 

Proof. Starting with the spht short exact sequence from the previous lemma we 
tensor it with V to get 

_ V' V' V X V ^ 

Taking the pullback along x ai we get a split short exact sequence of 7?.-modules 

— — ^ Vo X Vi — ^ 

Hence if j : Vo x Vi — > W is the splitting and ip : IZE V and (pi : TZEi — ^ Vi are 
topological presentations then the following is a topological presentation 

: T^'E X n'Eo X tz'e^ w 

of W. Here j(pi is the unique 7?.^-linear extension of the 7^-homomorphsisms jipi : 
TZEi ^ W to (JZEiY = TZ^Ei. □ 

Note. The same is true for affine 7^-modules and affine maps between them. The 
pullback is clearly nonempty and so we can reduce to the linear case by choosing a 
common origin (take the images of any element in the pullback). As the forgetful 
functor U : 7^-mod —>■ Aff-7^-mod preserves limit^ the affine case then follows from 
the linear version. 
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Suppose that (p : V —>■ TE is a j^'-representation. We construct a j^-representation of 
V^ on X / as follows. There is a canonical homomorphism 

r{M X ^ r{M,R) X / 

of bundles (of algebras) over M x I which simply forgets some of the jet information. 
On the other hand we have a product action 

{r{M, R)x I) X (ExI)^ Ex I 

M xl 

Composing these two maps gives the desired action of J^{M x I ,M.) on E x I. There 
is an obvious map e : TE r{E x I) (sending a section f : M ^ E to the section 
/xid: M X I ^ E X I constant in the / direction). This map is 7^-linear with respect 
to the j'"-structures. Therefore there is a unique 7^^-linear map {j'TE)^ —>■ j'T{E x I) 

""^There is an adjunction F : Aff-7?.-mod ^ 7?.-mod : U where F sends an afRne 7^-module V to 
an affine 7?.-module spanned freely by V and an extra point serving as an origin (this is a general 
fact about comma categories - the forgetful functor c I C ^ C has a left adjoint d i-^ (c dJJ c)). 
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giving a factorization j^TE — > (j^TE)^ j^^{E x I) of e and we define ip^ to be the 
composition {fTEY -^r{E x I). 



TE 



{fTEY > T{E X I) 



Now we need few auxiliary constructions. Proving that they are all given by contin- 
uous maps would destroy the flow of this section and so these proofs are only given 
in Appendix [Bl 

Let A : (/, dl) (/, dl) be a smooth function. We define a reparametrization map 

A* : ^ 

by f{x,t) f{x, A(t)). It is easily seen to be a continuous 7^-homomorphism. More- 
over thinking of TZ' as a bundle over TZ x TZ via (reso,resi) it is a fibrewise map 
(not necessarily over id but there is only a discrete choice of base maps). If Aq, Ai are 
two such maps with Aq = Ai on dl then the maps Aq and A* are homotopic through 
reparametrization maps and in particular by a fibrewise homotopy. For an 7?.-module 
V we define a reparametrization map 

A*(g)id 



A* : = 



V 



V = 



and observe that for any ^-representation of V the diagram 

> r(E X /) 



A* 



r{E X I) 



n-l} 

The problem is 



commutes. Let us denote by {IZ^Y ^^e following subset of {IZ^Y 
{n'f = {(/i, ...,/„) G {n'r I resrU = resoh+i, z = 1, . 

i.e. the space of n-tuples of functions that "can be concatenated 
of course that one cannot concatenate them straight away, the result would not be 
smooth. We have a projection 

{a, t) : {n^f ^UxU 

sending (/i, . . . , /„) to {resofi,resifn) (here a stands for the source map and r for 
the target map). We think of (7^^)" as a space over TZ x TZ via this map. Let 
= So < ■ ■ ■ < s„ = 1 be a sequence of numbers and Ai, . . . , A^ : / I smooth 
nondecreasing maps with Aj = near and Aj = 1 near 1 (but where we only require 
Ai(0) = and An(l) = 1 to allow id = /ii((0, 1), id)). We define a concatenation map 

by sending (/,) to the concatenation of the maps A*/, shrunk to M x [si-i, Si]. It is 
clearly an 7^-linear map over IZxlZ. We also have the canonical inclusion e : TZ ^ TZ^ 
and a reverse map 



I : TV 



TZ' 
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(which is not a map over TZ x TV). All the maps ^n{{si), (Aj)) (for all possible s,, 
Aj but with n fixed) are homotopic through maps of the form /i„ (and in particular 
over 71 x 71). One easily verifies that finifJ'ki x ■ ■ ■ x fi/^^) is of the form 
/i„+i(£:cr, id) and /i„+i(id, er) are of the form In particular /i2(idx/i2) — yU2(yU2 x id) 
through maps of the form /is and similarly /i2(£:cr, id) ~ id, /i2(id, er) ~ id. Also 

/i2(/,^/) = (/i2(t,l-t))7 

and thus /i2(id, i) ~ o" over 7Z ^ 7Z and through reparametrization maps, similarly 
/i2(i,id) ~ r. 

Now we extend these maps to by taking the tensor product with V. We identify 
(TZ^)^ ®7^ V with the obvious generalization (V^)" of {7Z^)^ using Lemma 15. 1[ We 
get maps /x„ : (V^)*^ — > , e : V — > and t : ^ V^. They commute with the 
representation cp^ : T{E x I). The crucial property of these maps on r(i? x /) 

is that for any subset A ^ E these maps preserve 

T{E X = {feT{ExI)\imfn{AxI) = 0} 

where for e this is understood as eiTEA) ^ r{E x I)axi- Therefore the maps on 
preserve 

(vOax/ = (/)"'r(E X i)axj 

Theorem 5.3. The following map is a Serre fibration if A is closed 

,/N (reso,resi) 

P ■■ (V )axi ' Va X Va 

Proof. The map 

V' ^""'"'''"''^ > V X V 

is a projection on a direct summand by Lemma I^TTl As both (V^)ax/ and Va x Va are 
open subsets (when A is closed) we see that for every uq G Va there is a neighbourhood 
U of Mo and a section 

Juo : U ^ {uo} xU^ (V^Ax/ 
with juo{uo) = e{u). Therefore if (mq, vq) G V^i x Va and U, V are the neighbourhoods 
as above we can define two maps over U x V 

p-\UxV) U xV X p-\uo,vo) 

U xV xp-\uo,vo) p-\UxV) 

The first map sends w to 

{resow, resiw, juoiresow) * w * L{j^^{resiw))) 

and the second sends {u, v, w) to i-{jua{u)) * w*j^f^{v) where we use the notation with 
* to denote the multiplication fin- 

They are easily seen to be homotopy inverse to each other over U x V. Therefore 
p has the weak homotopy lifting property. As an open subset of a fibration it is 
also a microfibration. These two properties together easily imply that it is a Serre 
fibratior0. □ 

^For a map / : D'' x I ^ Va xVa and a partial lift Lq over D'^ x there is a fibrewise homotopy 
h from Lq to a lift that can be extended to Li defined on D'' x /. We think of h and Li as giving a 

partial lift of D x I x 

I ^ X I ^VaXVA over x x / U D'^ x / x 1 . By a microfibration 
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Note. We have an affine version of all the constructions. To define 

we just choose an origin in V, take the ordinary tensor product and then forget the 
origin of the result. The canonical inclusion e : V —> as well as the maps ^n, do 
not depend on this choice. The same is true for the induced ^''-representation 

/ : ^ T{E X /) 

of an affine ^''-representation ip : V ^ TE: the choice of an origin in V gives a section 
in E which then makes E into a vector bundle. After extending to M x / we forget 
the origin/section and the result is independent of our choice. Clearly Theorem 15.31 
remains true in this case. 



Let a : W ^ V be an affine 7^-homomorphism, : V — > TE an affine j ''-representation, 
A C E a. closed subset. By : — > Va we denote the restriction of a to the open 
subset Ua- As this is defined via the representation ipa : U TE its image necessarily 
hes in Va- 

Theorem 5.4. In the notation from above let v & Va be a point and let W be the 
pullback 

W > {v} X U 



incl X a 



^ V X V 

Then the homotopy fibre hofib^a^i ofaA '■ Ua overv has the weak homotopy type 

ofy^Axi defined in terms of the affine f -representation il) : W ^ V^ ^ T{E x /). 

Proof. We have a diagram where all the squares are pullback squares 



J 



G 



{v} X Ua 
J 



projection 



^Va 



J 



iV')Axi ^ Va X Va 

The maps denoted by » are fibrations and the map denoted by ^ is a homo- 
topy equivalence constructed from the universal property of a pullback from maps 

Ua Va x Ua and Ua (V^Ax/ (there is a deformation retraction 

(A:G, {reSsG,pru^F)) : V ^ V = {{V')axi) X(v^xv^) {Va x Ua) 

whose main part is A* : (y^)Axi iV^)Axi, s G /, with \s(t) = t + (1 — t)s). As 
the composition across the middle row is oa we see that W is the homotopy fibre 

hofib^ttA- n 



property there is a neig hbourhood D'' x [0, e] x / U X / X [1 — e, 1] and a lift L2 over it extending 
both h and Li. We define L : D'' x I ^ (V^)ax/ to be L2{x, t, t/e) for t < e and L2(x, t, 1) for t> e. 
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Lemma 5.5. For the affine f -representation ip from the last theorem 

Vx{v) for t = 



^{.,t)(>V) = 
Proof. We have a diagram 



^^(V) for < t < 1 
{ifa)^{U) for t=l 



{reso,resi)'^ 



rest 



{reso,resi)'^ 



incl X a 

^ V X V 

(fiXip 

^TExTE 



T{E X /) 

This proves easily the claims for t = and t = 1. Also it is clear that for < t < 1 the 
image can be at most (pxiV) = {{p^)(x,t){y^). But according to the proof of Corollary 
15.21 we have a decomposition W = x {v} x U of the underlying 7^-modules and 
the linear part of the composition V C r(£' x /) maps w to a section 

t(t - l)(px{v) 

and as t(t — 1) 7^ the image is the same as that of (^^. □ 



CHAPTER 6 



The main theorem 

This short chapter is devoted to outhning the relation between cohomology of a 
configuration space of a product of two spaces and cohomology of the two individual 
configuration spaces. The answer is not at all satisfactory but it suffices for proving 
(under some assumptions) the acyclicity of the homotopy fibre of : Ua — > Va for 
an affine 7?.-homomorphism a : U — > V. An example is given at the end. 

Let X be a locally compact Hausdorff space. By X^'^'^ we denote the configuration 
space of d distinct unordered points in X, i.e. the quotient X'^'^^^d where X*^"^) C X*^ 
is the subspace of injective maps d ^ X. In this chapter we will be interested in the 
Cech cohomology with compact supports of the space {X x Z)''^' where Z is another 
locally compact Hausdorff space. Note that there is a canonical map 

/:(XxZ)['^]^Srf(X) = X7E, 

We want to apply Leray spectral sequence to this map to get some cohomological 
information about the configuration space (X x Z)^"'] and so we need to identify the 
fibres of /. Let Y = {{xi, ki), . . . , {xn, kn)} € S(i(X). The fibre f~^{Y) is then 
obviously homeomorphic to Zt^^^l x ■ ■ ■ x Z^^"\ Let us suppose now that for all /c > 
and all locally constant sheaves ^ on X 

=0 

as is for example the case for Z = M^, the closed half-line. Here (]R+)['^] is topo- 
logically a fc-simplex with all its {k — l)-faces but one removed. Hence its one-point 
compactification is homeomorphic to the fc-dimensional disk and thus contractible. 
The Kiinneth formula then says that for all fci, . . . , fc„ > and all locally constant 
sheaves A we have 

H*{Z^'''^ X ■ ■■ X Z^''"^;A) = 

Therefore in the Leary spectral sequence of / with compact supports we have -Ef = 
and therefore also H*{{X x Z)^'^; ^) = for any locally compact Hausdorff space X 
and any locally constant sheaf A on (X x Z)''^'. 

Now we apply these ideas to the homotopy fibre of oa for some affine 7^-homomorphism 
a : U —>■ V, affine j''-representation ip : V TE and a stratified subset A (1 E oi 
codimension at least dimM + 2. Recall that by Theorem 15.41 this homotopy fibre can 
be identified with hofibt,a^ ~ Waxi- See this theorem for the explanation of W and 
the affine j ''-representation via which Waxi is defined. 

Provided that {fa)^ is surjective on M , Lemma 15.51 guarantees that 4'{x,t) is either 

surjective or disjoint with A x I and that M x J = M x (0, 1]. As the codimension 
of y4 X J in X J is at least dim(M x /) + 1 we have a spectral sequence (14. 2 p for the 
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affine ^'''-representation ip from the theorem 

E'jyV) = Hr"'' [{A X w,{h^,) + sign^ H,^,{Wa.i) 

For the case of the configuration space of M x (0, 1] situation is the same as above: 
the fibres of {A x /)'7^^.„,, — > v4~I?'/S_p are products of (0,1]''^] and we are getting 

E^^iyV) = 0. According to Proposition 14.81 this spectral sequence converges and thus 
if*(hofib^aA) = 0. Therefore we have a theorem 

Theorem 6.1. Let M be a compact smooth manifold, let a : U ^ V be an ajfine TZ- 
homomorphism between two topologically finitely generated affine TZ-modules, let ip : 
V — > TE be an affine f -representation and A <Z E a stratified subset of codimension 
at least dim M + 2 such that outside the set 

M = {x E M \ {(pa)x is surjective} 

we have iimpx fl A = 0. Then each homotopy fibre hofib^a^i of aA is acyclic, i.e. 
H^{hoSh^aA) =0. □ 

We finish with an example (and its refinement) of use of our main Theorem 16.11 

Example 6.2. Let us consider smooth functions M ^ M and let A C J^{N,R) be 
the complement of the set of 3-jets which have at most y42-singularity (i.e. are either 
regular, nondegenerate critical or have a singularity of type A2). In other words the 
complement of A consists precisely of those jets which take in some coordinate chart 
the form 

/(xi, . . . , Xm) = C lb X]^ ih X2 i ■ ■ ■ i X^ 

with 1 < k < 3. Then according to Igusa's theorem (Theorem 9.1 of Igu| ) the 
canonical map 

if) A : C'^{M,R)a ^ T{J\M,R))a 
is (dimM)-connected and therefore its homotopy fibres are (dimM — l)-connected. 
In particular when dim M > 1 they are simply connected and by Theorem 16.11 and 
Whitehead's theorem they are weakly contractible making {j^)A a weak homotopy 
equivalence. 

Example 6.3. To demonstrate an example in which the setting of topological 7^- 
modules can be easily applied we modify the previous example slightly by considering 
a closed submanifold N O M which is either neat or = dM and fix a Morse function 
g : M R (or just its germ at N). Next we consider the following topologically 
finitely generated affine 7?.-modules 

U = {fe C^{M, R) I fj = jlg yz e N} 
V = {s eT{J%M,R)) \ s{z) = f^gWz e N} 

According to Theorem 16.11 the homotopy fibres of the restricted jet prolongation 
{j^)A '■ Ua Va (with A from the previous example) are again acyclic. Here Ua is 
the space of functions M ^R with at most yl2-singularities which agree with g up 
to order 3 at A^ and similarly for Va and we obtain a relative version of the previous 
example. 
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Locally convex topological vector spaces 

This appendix serves as a source of results about locally convex topological vector 
spaces for the purpose of the thesis. The main source used was |Tre] where one can 
find everything (in a great more detail) with the exception of Theorem IA.2I 

We work here with vector spaces over the field M of real numbers. A topological 
vector space V is called locally convex if every neighbourhood of contains a convex 
neighbourhood of 0. 

A subset ^ C V is called balanced if rV C V for all |r| < 1 and absorbing if for every 
f G V there is r > 0, such that the line segment from —v to v is contained in rV. 
It is called a barrel if it closed, convex, balanced and absorbing. Equivalently, V is 
locally convex if every neighbourhood of contains a barrel neighbourhood of 0. 

A seminorm on a vector space V is a function p : V ^ M such that 

(a) p{v) > 

(b) p{v + v') < p{v) + p{v') 

(c) pi\ ■ v) = \\\ . piv) 

Every continuous seminorm on a topological vector space V gives a closed ball Bp = 
p^^[0, 1]. They are barrel neighbourhoods of 0. If on the other hand is a barrel 
neighbourhood of in V then there exists a continuous seminorm p : V — ^> M, the so 
called Minkowski functional, such that V = p~^[0, 1]. It is defined by the formula 

p{v) = inf {A eR+ \ 1/X-v eV} 

Therefore, if V is locally convex its topology can be completely described by contin- 
uous seminorms. 

A family V of continuous seminorms on a LCTVS V is called a basis of continuous 
seminorms if for any continuous seminorm o" on V there is r > and p G P such that 
a < rp, or equivalently if the closed e-balls Bp{e) = p~^[0,e] form a neighbourhood 
basis of 0. In such a case we say that the family V define the topology of V. 

For example, if V is a (not necessarily locally convex) TVS, the family of all continuous 
seminorms define some locally convex topology on V. It is always weaker than the 
one that we started with and this procedure provides a left adjoint of the forgetful 
functor LCTVS "-^ TVS (hence LCTVS is a reflective subcategory of TVS). 

If U, V are two vector spaces, a: UxV^U^V the canonical map and U C U, 
V V any convex subsets we define their convex tensor product U ^ V ^ U ® V 
to be the convex hull of the set a{U xV) = {u<^v\ueU,vE V}. If p, a are 
seminorms on W, V we define a seminorm p®a:l/(^V—>-M.hj the requirement 
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Bp(^a = Bp ® Bfj. Therefore if U and V are both LCTVS we can define a locally 
convex topology on their tensor product W ® V via the seminorms p ® cr where p, a 
range over all continuous seminorms on U, V (or for that purpose ranging over any 
bases of seminorms on the respective spaces). Together with this topology we call 
U <^V the projective tensor product of U and V. 

Proposition A.l. IfU and V are both LCTVS then the projective topology onU®V 
is the strongest LCTVS topology for which a : U xV ^ U ®V is continuous. It enjoys 
the following universal property: every continuous bilinear map (3 : U xV ^ W to a 
LCTVS W factorizes uniquely through a as 

(3:UxV ^U®V 
with 7 a continuous linear map. In other words there is a natural isomorphism 

LCTVS(W ® V, W) ^ Bilin(W, V; W) 

Proof. The first part follows straight from the definition. According to the 
algebraic properties of a tensor product we only need to show that the continuity of 
/3 implies the continuity of 7. Therefore let C W be any convex neighbourhood of 
0. By continuity of (3 there are p, a such that l3{Bp x B^) C W. As W is convex it 
also contains 

c\i{(3{Bp X B^)) = chi^aiBp x B^)) = ^{cha{Bp x B^)) = ^{Bp^^) 
where ch denotes the convex hull. □ 

Theorem A. 2. The category LCTVS of locally convex topological vector spaces has 
the following structure 

(i) LCTVS together with <® is a symmetric monoidal category. 

(ii) The tensor product functor U <S> — commutes with finite colimits. 

(iii) IfU, V, W € LCTVS, P is a locally compact space and Px{U xV) ^ W is a 
continuous pointwise M.-bilinear map then the induced map P x (W® V) ^ W 
is also continuous. In particular the tensor product preserves homotopies. 

Proof. The associativity and commutativity of ® follow from the description of 
the topology on the tensor product, e.g. the topology on (W (8> V) ® W = W (V ® W) 
is generated by neighbourhoods of of the form {Bp B^r) ® B^ = Bp® {B„ ® Br). 

Tensoring a biproduct diagram with Li clearly produces again a biproduct diagram 
(mere additivity of the tensor product suffices) soU® — preserves finite coproducts. 
The fact that U ® — preserves cokernels follows from the corresponding property of 
the product U x —. 

To prove (iii) we use adjunction to reduce everything to showing that map(P, W) is 
locally convex. But a subbasis for the topology of map(P, W) is given by convex sets 
{/ : P ^ U I f{K) C U} with K ranging over all compact and U over all convex 
open subsets. □ 

Note. Any locally convex topological M-algebra ^ is a monoid in the monoidal struc- 
ture on LCTVS and topological .4-modules are precisely .4-modules in the monoidal 
category sense. Consequently we can use monoidal category techniques to deal with 
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^-modiilcs. For simplicity we assume that A is commutative. For ^-modules U and 
V we get a tensor product U 0^ V as a coequalizer 

W (g) ^ (g) V W (g) V 

the two maps being the two structure maps. In this way ^-modules become a sym- 
metric monoidal category (here the right exactness of the tensor product is necessary 
in order to define the action of ^ on (g)^ V) . 

Suppose that (p : A ^ B is a continuous algebra homomorphism between commuta- 
tive topological M-algebras A and B (i.e. a homomorphism of commutative monoids 
in the monoidal category LCTVS). Then the forgetful functor ip* : ;B-mod ^-mod 
has a left adjoint B 0^ — . 
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Differential topology, function spaces 



The purpose of this appendix is to give a brief overview of the differential topology 
used and to prove some auxiliary results that would, if included in the main text, 
disturb the flow of exposition. The two main sources used were |GG] and [Hir] . 

Let — i> M be a smooth fibre bundle. There are two kinds of topologies on the space 
T{E) of smooth sections, the weak (or sometimes called compact-open) topology and 
strong (or Whitney) topology defined for each degree < r < oo of differentiability. 
We start with the definition for r = 0. The weak topology on the space r°(i?) of 
continuous sections of E is just the usual compact-open topology. We denote the 
resulting space by T^^{E). The basis for the strong topology on r°(i?) is indexed by 
open subsets U of E for which we have a generating open subset 

{s G T\E) I im(s) G f/} C T\E) 

The resulting topological space is denoted by r^g{E). For finite r and * = W, S we 
obtain the topology on Tl{E) via the jet prolongation map 

f:rXE)^T'iirE) (B.l) 

and the above definition for r = 0. More precisely this map is injective and we give 
Tl{E) the subspace topology. In the diagram 

^+i(^)c >T%r+^E) 

I 



the dashed arrow is continuous by the properties of subspaces (or one can say that 
this arrow exists in Top) and is clearly the canonical inclusion. We define the topology 
on r^(i?) as the limit topology 

TTiE) = hm THE) 

r— >oo 

In other words one just takes all the open subsets from all Tl{E), r = 0,1,..., 
together. There is a description of this topology similar to fIB.ip using the infinite jet 
bundle J°°E. As a space over M it is a limit of 



rE 



M 



J^E > E 



We have a similar jet prolongation map 

■oo . -poo / 77 



■■M 



■■M 



: r^{E) ^ TliJ^E) 
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and it is again an inclusion of a subspacc. For a compact manifold M the two 
topologies agree r\^{E) = r^(i?), as can be easily deduced from the case r = 0. 

In the case when E = N x M is the trivial bundle (so that V^^E) is the space of all 
C^-maps M ^ A^) we write Cl{M, N) instead of Tl{E). For the differential topology 
one of the most important features of these topologies is that they are all Baire spaces, 
i.e. countable intersections of open dense subsets are dense. 

As we are only interested in the case r = oo this is what we are going to assume 
from now on. The following results explain how could smooth maps be defined by 
specifying then on subsets such that they agree on the intersections. 

Lemma B.l. Let E ^ M be a smooth bundle and let U be an open covering of M. 
Then the restriction maps V^i^E) V^i^UjE) for U E U induce a homeomorphism 

^wiE)^}im^r^{U,E) 

Proof. Firstly the above map is a homeomorphism when oo is replaced by 0, i.e. 
on the level of spaces of continuous sections with the compact-open topology. As for 
each r we have 

r'^{rE)^Umr'^{u,rE) 

and subspaces commute with limits we get a homeomorphism 

^wiE)^}j^^r\^iu,E) 

by restriction. Finally, taking a limit for r — > oo gives the result (or we could take 
r = oo straight away). □ 

Lemma B.2. If M — Mi U M2 is a union of two submanifolds of codimension 
meeting at their common boundary Mq = Mi fl M2 — dMi fl dM2 then the following 
diagram is a pullback square 

r^{E) >r~(Mi,£;) 



r~(M2,^) — >ro(Mo, J°°E) 

Here V^i^Mi^E) denotes the space of smooth sections of E over M^. □ 

Before we give some applications of this lemma we switch our attention to the case 
of sections of a vector bundle E. In this case it can be shown that the addition or 
subtraction of sections is continuous so that r*(i?) is actually a topological abelian 
group. More care has to be taken with the multiplication of sections. The map 

Cr(M,M) X T,{E) -^T,{E) 

is continuous so that r*(i?) is a topological module over the topological ring C^(M, M). 
The bad news is that the inclusion M — C^(M, M) is continuous only for * = 1^ or 
when M is compact (in which case the two topologies agree anyway). 

From now on we assume that M is compact and write T{E) for r^(E) (we do not have 
to distinguish between the weak and strong topology now). As T{E) is a topological 
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vector space we only need to understand the neighbourhood basis at 0. If one chooses 
a metric on each vector bundle J'^E we can construct one by taking 

{seV{E) I VxgM: <e} 

Therefore one easily sees that T{E) is a LCTVS which is defined by seminorms 

s ^^ sup \ \jIs\\ 

Using Lemma IB. 21 we prove continuity of various maps that are used in the main 
chapters. 

Corollary B.3. Let us denote 7Z = C°°(M,M) and = (:7°°(M x I,R), let S be 
the subspace of TZ^ x TZ^ consisting of those (/, g) for which there exists e > such 
that 

f{x, l-t) = /(x, 1) = g{x, 0) = g{x, t) 
for all < t < 6 . The "concatenation" map 

: (0, 1) X 5 — 

sending (s, /, g) to the functioi^ 

f{x,t/s) when <t < s 

g{x, (t — — s)) when s <t < 1 



h{x, t) 
is continuou^. 



Proof. We write I x (0, 1) as a union of two submanifolds 

Pl = {it,s)\s<t} P2 = {{t,s)\s>t} 

of codimension and define maps ai : Pi —>■ I 

ai{t,s)=t/s a2(t, s) = (t — s)/ {1 — s) 

and therefore maps 

= C°°(M X I,R) > C^{M X Pi,R) 

(for the continuity of this map see the first paragraph after the proof). Taking a 
product of these maps we obtain the bottom map in the diagram 

S " ^C^(Mx/x (0,1), M) 



X >C^(M X Pi,M) X C^{M X P,,R) 

According to Lemma IB. 21 the dashed arrow is continuous. We can write the concate- 
nation map /i as a composition 

(0, 1) X 5 (0, 1) X C^{M X / X (0, 1), R) C~(M x /,M) = 

with pev being the partial evaluation [s, /) t-^ /(— , s). □ 



""^Geometrically just / reparametrized to M x [0, s] patched with g reparametrized to M x [s, 1]. 
^This is true even on a bigger subspace of those (/, g) whose infinite jets are compatible. 
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The composition C°°{N,P) x C°°{M,N) — > C°°{M,P) is continuous in the weak 
topologies and for strong topologies it is continuous on the subspace formed by (/, g) 
with g proper. This proves most of 

Lemma B.4. Let X : I ^ I be a smooth function. The reparametrization map 

A* : ^ 

defined by f{x, t) i— f{x, A(t)) is continuous. Moreover for a smooth family Xr : I ^ I 
the induced homotopy 

a; : ^ 

is also continuous. 

Proof. Again the homotopy can be written as 

/ X C~(M X /, M) Jil!^ I X C^{M X I X I,R) C°°(M x /, M) 
with X: I X I ^ I sending {t, r) to Xr{t). □ 

Corollary B.5. Let < s < 1 and X : I ^ I. p : I ^ I two functions such that 
A(0) = 0, A = 1 near 1 and similarly p(l) = 1, p = near 0. The concatenation map 

p{s, A, p) : Xt^ tz^ — > 

given by {f,g) ^ p{s,X*f,p*g) is continuous. Moreover for any other choice of s, X 
and p the resulting map is homotopic via maps of the same form. 

Proof. Any two values of s can be joined by a linear homotopy as can be any 
two values of A and p. □ 
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The main references for this appendix are the books |Brej and [GM] . The idea of this 
appendix is to gather facts about sheaves and in particular about sheaf cohomology 
that are used in the thesis (mainly in Appendix [D] and in Chapter H]). 

The basic intuition behind sheaves is that they are systems of abelian groups para- 
metrized by the points of a topological space X. In one approach they indeed are 
certain spaces over X. In this sense they generalize the so-called systems of local 
coefficients (also known as bundles of abelian groups). Moreover they constitute an 
abelian category on which a variety of functors is defined. For example, we have a 
functor of global sections which associates to a sheaf the abelian group of its sections. 
Its derived functors are the sheaf cohomology groups with coefficients in the sheaf 
under consideration. This is roughly the content of the first section. 

There are other cohomology theories with coefficients in sheaves (or in a special class 
of sheaves) and among them the sheaf cohomology is "universal" . For paracompact 
spaces most of these theories agree. One exception is the singular cohomology which 
does not behave well for spaces with local complexities. So far for the section 2. 

In the last section we pursue more advanced properties of sheaves and in particular 
derive the Leray spectral sequence. Given a continuous map f : X Y it relates the 
sheaf cohomology of X to the sheaf cohomology of Y and of the fibres f~^{y) over 
the points y E Y. 



C.l. Sheaves, sheaf cohomology 

Let X be a topological spac^. We denote by Op(X) the poset of all open subsets 
of X ordered by inclusion. A presheaf on X is just a functor Op(X)°P — > Set to 
the category of sets. Therefore we have a category of presheaves on X, namely the 
functor categ ory Preset = Set°P(^)°' . In a similar way we define a presheaf in any 
category C as an object of Pr^C = C'^pO^)"'^ . A presheaf A G Pr^C is said to be a 
sheaf if for every subset U C Op(X) which is closed under subsets the map 

^(UU) — y \im A(U) 

c/eu 

(with UU = IJ [/) is an isomorphism, i.e. if A preserves limits over all hereditary 

(7eu 

subsets. In this way we get a full subcategory Sh^C of sheafs of objects in C on X. 
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Suppose that C is an "algebraic category" - a category {Q, E)-A\g of algebra^ defined 
by operations Q and relations E. Then the inclusion l : Sh^C ^ P^xC has a left 
adjoint s : Pr^C Shj^C sometimes called sheafification. It is given by the formula 

sA(U) = colim lim ^(V^) 

veCovft([/) yev 

where the colimit is taken over all hereditary open coverings of U. 

A more illuminating description of the sheafification functor can be obtained by in- 
troducing total spaces of presheaves. Let A G Pr^Set be a presheaf of sets on X. We 
construct a space tt^ : Tot(^) X over X called the total space of A 

c/eOp(x) U€Op{x) 

TXA ■■ Tot{A) = [ Ux A{U) — > [ U = X 



The projection 7r_4 can be shown to be a local homeomorphism and there is a bijection 
between {sA){U) and the set T{U, Tot(^)) of sections of Tot(^) over U. In this way 
the category ShxSet of sheaves of sets on X becomes equivalent to the category of 
local homeomorphisms A ^ X. Moreover Tot is identified with the sheafification 
functor s and the functor r(— , A) of local sections with the inclusion functor l. 

For the category C = {Q, E)-A\g we get an equivalence of Sh^C with the category 
of {fl, i?)-algebras in Sh^Set, i.e. the category of local homeomorphisms A ^ X 
with a fibrewise structure of an {Q, ii^)-algebra. Of course covering maps are local 
homeomorphisms and therefore they give examples of sheaves, the so-called locally 
constant sheaves. Also systems of local coefficients (or bundles of groups) on X just 
correspond to locally constant sheaves of abelian groups. The fibres Ax '■= 7r^^(^) of 
the projection 7r_4 are called the stalks of the sheaf A. Alternatively one can define 
them as the directed colimits 

Ax = colim A(U) 

ueOp{x) 

Now assume that in addition C = (fi, £')-Alg is an abelian category, main example 
being the category of abelian groups. Then both Pr^C and Sh^C become also abelian 
with I left exact and s exact. Moreover if C has enough injectives then so do both 
PrxC and Sh^C and if C has enough projectives then the same is true for Pr^C hut 
not for ShxC in general. From now on we assume that C and hence also Sh^C have 
enough injectives. 

The abelian structure of the category ShxC is refiected in the stalks, namely a se- 
quence of sheaves is exact if and only if at each point the corresponding sequence of 
stalks is exact. This is where the geometric description of a sheaf (in terms of the 
total space) is very useful. 

It is also this description that gives a name to the elements of AilJ^ - they are called 
sections of A over U . Hence we often write V{U^A) instead of AilJ) and for global 
sections simply r(^). In this way we get a "global sections" functor F : Sh^C C. 



^Here an {fl, i?)-algebra is a set S together with a reahzation of by operations S" ^ S that 
satisfy the relations E. The category Shx(^^, -B}-Alg can be alternatively described as the category 
of (il, i?)-algebras in the category Sh^Set of sheaves of sets. 
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The essence of the sheaf theory is that this functor is not exact but merely left exact. 
As the category Sh^C has enough injectives one can define the right derived functors 
of r. In this appendix we denote K^Ti^A) G C by A) and call it the n-th sheaf 

cohomology of X with coefficients in the sheaf A. If is a family of supports on X 
we can define r^(^), the sections of A with supports in (p, to be the kernel of 

r(^) — > colim r(X - F; A) 

Again is left exact and there are right derived functors K^T^i^A) = H^{X; A), the 
n-th sheaf cohomology of X with supports ip and with coefficients in A. 

C.2. The relation to other cohomology theories 

In this section we relate the sheaf cohomology to the singular cohomology if^ and to 
the Cech cohomology H*. 

First we treat the singular cohomology with constant coefficients and any supports. 
For an open subset U G Op(X) let us condiser the singular cochain complex C*{U ; Z) 
on U. It provides a cochain complex of presheaves C*(— ; Z) of abelian groups on X. 
By definition 

Hl{X) = H*{C*{X;Z)) 
We denote by S* G Sh^Ab the cochain complex of generated sheaves, i.e. 

S* = sC*{-,Z) 

It turns out (see Section 1.7 of |Bre] ) that if X is paracompact then 

Hl{X) = H*{S*{X)) = H*{T{S*)) 

We can define more generally the singular cohomology groups of X with supports 
in (f and coefficients in a locally constant sheaf A as the cohomology of the cochain 
complex 

C^{X;A) = {a : map(A^,X) map(A^, Tot(^)) | n^a = id, suppa G ip} 

of presheaves of abelian groups. If the family (f is paracompactifying we get again an 
isomorphism 

HIJX;A) = H*{T^{S*^)) 

where is the sheaf generated by the presheaf C*{—;A). Under the same as- 
sumptions the sheaves (assuming that A is finitely generated, see Section III.l of 
^rej) turn out to be F<^-acychc so that H^^^ computes the sheaf cohomology of X 
with supports in (p and with coefficients in A provided that the cochain complex 

^O^A^S'^^S^^--- 

is acyclic. The stalk at x of its n-th cohomology is clearly 

colim HUU;A\U) 

U&Op{X) 

Therefore for a paracompactifying family ip the natural map if^ ip{X] A) —>■ H*{X; A) 
is an isomorphism if this colimit vanishes or in other words if all the points x G X 
are taut with respect to the singular cohomology. This is for example the case for all 
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locally contractible spaces X. Also it is implied by the condition HLC - homological 
local connectedness. 

In general there is a convergent spectral sequence 

= Hl{X-sHl{-;A)) ^ Hl^^{X;A) 

Next comes the Alexander- Spanier cohomology. There is a sequence of abehan groups 

ASP{U;Z) = map{UP^\Z) 

It is easy to define the coface and codegeneracy maps making it into a cosimplicial 
presheaf of abelian groups. The associated cochain complex will be denoted again by 
AS*{—;Z). Let AS* be the sheaf generated by this presheaf. Then by definition 

Again if ip is paracompactifying then all the sheaves AS* are Fi^-acyclic and H* is 
isomorphic to the corresponding sheaf cohomology provided that AS* constitutes a 
resolution of Z. Unlike in the case of singular cohomology this is always the case. 

Let A e PrxAb be a presheaf and U C Op(X) any open covering of X. We define 

^^(U; A)= Yl A{Uo n---nUp) 
(r/o,...,(7p)GUP+i 

Again one can make C*{U;A) into a cosimplicial abelian group and further into a 
cochain complex. We define the Cech cohomology of the covering U with coefficients 
in A as 

H*{\J;A)^H*{C*{\J-A)) 

If V is a refinement of U and A : V — > U is a function such that V C XV then we 
define a map 

A* : CP{\J;A) — >CP{y;A) 
using the restriction maps as in the diagram 

^^(U;^) ^^^(V;^) 



^(A^o n---nxVp) A{Vo n---nVp) 

It is a map of cosimplicial abelian groups and therefore induces a map 

A* :^*(U;^) — >H*{y;A) 

on cohomology. For a different choice of A one can show that the resulting map of 
cosimplicial abelian groups is homotopic to A* and so on the level of cohomology one 
gets an equality. Hence we can define 

H*{X;A)^ colim H*(U;A) 
ueCov(x) 

where the colimit is taken over all open coverings of X ordered by refinement. This 
group is called the Cech cohomology of X with coefficients in the presheaf A. 
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Consider the following composition 

r : ShxAb -^IS^ Ch^°Ab ^ Ab 

As the derived functors are easily seen to be RpR^ = and {R'^C*{U] -)){A) = 
C*(IJ; H'^{—; A)) the Grothendieck spectral sequence takes the form 

(U) = HP{U] H'^i-; A)) HP+^iX; A) 

Taking a colimit over the open coverings U of X one gets again a convergent spectral 
sequence 

= HP{X; H^i-; A)) H^+^X- A) 

According to Spanier (with an additional assumption of X being paracompact) for 
any presheaf B G Pr^Ab we have an isomorpism 

H*{X;B) ^ H*{X;sB) 

As clearly sH'^{—; ^) = for g > and sH^{—; A) = A the colimit spectral sequence 
collapses to give an isomorphism!! 

H*{X;A) ^ H\X-A) 

C.3. The sheaf cohomology and continuous maps 

Now we describe how sheaves behave with respect to continuous maps. \i f : X 
is a continuous map then we get an induced functor /* : Op(F) Op(X), given 
simply by f*U = f~^{U), and therefore a functor between the presheaf categories 
called the direct image 

f, : PrxC PryC 

It is easy to check that this functor preserves the subcategory of sheaves and we have 

/. : ShxC ShyC 

Explicitly f,A{U) = AU''\U)). The functor /. : PrxC PryC has a left adjoint 
Lanj*, the left Kan extension along /*. Therefore we have a composition 

/• : ShyC ^ PryC J^^^ Pr^C ^ Sh^C 

It is called the inverse image and we claim that it is a left adjoint of /,. This is clear 
from 

ShxCifA, B) = PrxC(Lanj. lA, lB) = PryC(i^, f.iB) = ShyC(^, f,B) 

A very nice description of the functor /* is in terms of the total spaces. It is plainly 
a puUback functor along the map /, sending A ^ Y to A X ^ X . 

Axy X > A 

J 

X >y 



■^even when X is not paracompact this map is an isomorphism for * = 0, 1 and a monomorphism 
for * — 2. 
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In particular {f*A)x = -^/(a;) and therefore the functor /* is exact. On the other hand 
/, is merely left exact and thus one can consider its right derived functors called the 
higher direct images. Moreover as /* is exact, /, preserves injectives and one gets a 
Grothendieck spectral sequence for the composition T{Y, f,A) = T{X,A) 

El" = HP(Y; Wf,{A)) HP-^'^iX; A) 

In this context it is known as the Leray spectral sequence. In order to use this 
spectral sequence one has to have at least some understanding of the higher direct 
images R^f,. Clearly R^f, = /, and under some conditions one can say something 
at least about the stalks {K^ f,{A))y. Let A ^ T* he an injective resolution of A in 
ShxC. Then {R'f,{A))y is by definition 

{H'\f.X*))y = H'\{f,T)y) = H^( colim T{rU)] ^ colim H'\T{rU)) 

\U€Op{Y) J i/GOp(y) 

y& y& 

and moreover H"'{I*{f*U)) = H'^{f*U;A\f*U). If / is closed (i.e. the image under 
/ of a closed subset is also closed) and the fibres f~^{y) over points y oiY are "taut" 
then one has an isomorphism (proved as Proposition IV.4.2. in jBrej ) 

coYim H-{ru-A\ru) - H-{r\yYA\r\y)) 

c/eOp(y) 

Theorem C.l. Suppose that f : X ^ Y is a continuous map. Then there is a 
convergent spectral sequence 

El" = HP(Y; R"f,{A)) HP-^"{X; A) 

If moreover f is closed and each f^^{y) taut then there is an isomorphism 

iR"f.iA))y = H''ir\yy,A\r\y)) 

Of course, the stalks of a sheaf do not describe the sheaf completely unless, for 
example, they are all zero. In this special case we get the Vietoris-Begle mapping 
theorem 

Theorem C.2. Suppose that f : X ^ Y is a closed continuous map such that each 
f^^iy) is taut and suppose that H"-{f~^{y); A\f~^{y)) = for all y E Y and for all 
n > 0. Then there is an isomorphism 

H*{Y;f,A) = H*{X;A) 

Now we will sketch a generalization for the sheaf cohomology with supports. Let 
be a family of supports on X. There is a "direct image with supports in ip" functor 

: ShxC ShyC 

Here f^A is defined as the sheafification of the presheaf 

U^T^nf-w{f-'U,A) 

and is easily seen to be left exact. If (y9 is a family of supports on Y then there is 
another family called ipiip) on Y such that 

Yifii ftp A) = r;^(^)(^) 
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Under the additional hypothesis that (p is paracompactifying we get (in the same 
way but with a lot more work caused by not preserving injectives) a convergent 
spectral sequence 

El^ = Hl{Y- R'^UiA)) Hl^;^ (X; A) 

If for every F E ip the image f{F) is closed (i.e. if / is -^-closed) and if each f~^{y) 
is V'-taut then we can identify the stalks as 

{R-U{A))y^H;{r\y);A\r\y)) 

We are particularly interested in the case where X and Y are locally compact Haus- 
dorff spaces and both ip and ip arc the families of compact supports. In this case ^{il') 
is also the family c of compact supports and clearly every continuous / is c-closed. 
Also every closed subset of X is c-taut and we have the following results 

Theorem C.3. Let f : X ^ Y be a continuous map between locally compact Haus- 
dorff spaces. Then there is a convergent spectral sequence 

£;f = HP,{Y; R'fM)) ^ ^rn^; A) 

Moreover {R'^fM))y = Hi{f-\y);A\r\y)). 

Theorem C.4. Let f : X ^ Y be a continuous map between locally compact Haus- 
dorff spaces such that H^{f~^{y);A\f'~^{y)) — for all y & Y and for all n > 0. 
Then there is an isomorphism 

H:{Y;f,A)^H:{X;A) 
If moreover f is proper and each f~^{y) connected then f — fc and the canonical map 
B f»f*B is an isomorphism. Consequently for an any B E ShyC 

H:(Y;B)^H:(X;f'B) 
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Alexander duality, transfer maps 

This appendix is concerned with Alexander duahty for oriented topological manifolds. 
If / : M is a continuous map between such manifolds and if X C M and Y N 
are closed subsets such that f~^{Y) C X then we have the following diagram 

H,{M, M-X) H,{N, N-Y) 

H^-*{X) > H^'*(y) 

and a natural question arises: is there a reasonable description of the bottom map? 
We give a positive answer for the case of inclusion of a zero section of a vector 
bundle (which easily leads to the answer in the case of an embedding of a smooth 
submanifold) . This map is "locally" a cup product with a Thom class and in this sense 
generalizes the Thom isomorphism. We start with a general discussion of singular 
(co)homology with general supports and at the end prove the promised Theorem lD.3[ 

Let X be a topological space. We say that a family ip of closed subsets of X is a 
family of supports on X if is closed under finite unions and taking closed subsets. 
We say that (f is paracompactifying if all elements of (f are paracompact and if any 
F & if has a neighbourhood F ^ F' such that F' G f. 

For any space X we denote by (p the family of all closed subsets and by c the family 
of all compact subsets. Note that (p is paracompactifying if X is paracompact and c 
is paracompactifying if X is locally compact Hausdorff. 

If A C X is a subspace and ip a family of supports on X we denote by the family 

ip\A = {Fe<f\FCA} 
It is a family of supports on A. Another useful family of supports on A is 

^nA = {FnA\Fe(p} 

Note that if A is closed (fl^ = (f (1 A. 

We define the (singular) cohomology of X with supports in ip as 

H*{X) = co\imH*{X,X - F) 

The dual construction for homology yields 

Hf{X) = limH4X,X -F) 
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For an open subset U C X we also define the relative versions 

H;{X, U) = H;^^_^{X) and Ht{X, U) = Ht--%X) 

Note that although the above cohomology groups deserve to be called "with supports 
in (/?", it is not the case for homology. Obviously if* = (resp. H* — H^) are 
isomorphic to the singular homology (resp. cohomology) groups while H* is the usual 
cohomology with compact supports and is the locally finite homology (whereas 
the singular homology H^, does have compact supports). 

Remark. OK, it is actually not true. The right thing to do (at least in the case of 
locally compact spaces) is to take the above limit on the level of chain complexes and 
then take homology. If the space is moreover paracompact then one has a split short 
exact sequence 

^ lim^ iH,+i{X, X-F))^ H^lim C^X, X - F)) ^ lim H,{X, X - F) ^ 

Thus the group that we have defined is a quotient (unnaturally a direct summand) 
of the usual one. In what proceeds we only use this group in the case of a top 
dimensional locally finite homology of an orientable m-dimensional manifold M where 
we have 

^ W(i/^+i(M, M-F))^ HlliM) ^ H^JM) 
Fee 

and the lim^ term vanishes trivially so that the two homology groups are naturally 
isomorphic. 

If / : X — > F is a continuous map and ip is a. family of supports on Y we get the 
induced family of supports f~^ip on X as 

/- V = {F C X I 7F G ^} 

the closure of {f~^F \ F G ip} under taking closed subsets. Note that if / : X C F 
is an inclusion of a subspace then f~^ip — ip HA. 

Obviously if f'^ip C ip for some family (p of supports on X (or in other words if 
F & ip ^ f~^F e (p, an obvious generalization of a proper map) we get induced maps 

r : H;iY) ^ h;{x) 

U : Ht{X) ^ HtiY) 

Suppose that (/? is a paracompactifying family of supports on X and A C X a closed 
subset. Then the inclusion induces a map H*[X) — >■ H*^j^[A). If U is an open subset 
of X then we obtain a map 

m, (U) = colim H*{U, U-F) ^ co\imH*{X,X-F) co\imH*{X,X-F) = m{X) 

going in the opposite direction. The isomorphism comes from excision. This is where 
we use the assumption on (f. 

Now let (p and ip be two families of supports on X. Then we have cup products 

u : h;{x) ® h;{x) ^ H*{X) 
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and cap products 

They are defined as (co) limits of the corresponding products in singular (co) homology. 

A useful formulation of the Thom isomorphism is the following, li p : E ^ B is an 
n-dimensional oriented vector bundle there is an orientation class r e H*^(E) such 
that the map 

-Ur : H*(E) ^ H*+''(E) 

is an isomorphism, where Cp denotes the family of closed subsets C C. E for which 
the restricted projection p\c '■ C ^ B is proper. Obviously if B is compact then 
Cp = c and we get an isomorphism (with a shift) between ordinary cohomology and 
cohomology with compact supports. 

An immediate generalization is the following. Let 93 be a family of supports on B. 
Then 

-^r:H;..^iE)^Hi;_-,^^^jE) 
is an isomorphism. Also the projection induces an isomorphism 

p* : h;(b) ^ 

whose inverse is induced by the inclusion i : B ^ E oi B as a, zero section of E 
(for reasons that will become clear later we prefer to use this inclusion instead of the 
projection map). If one takes (p to be c, then easily (p~^c) H Cp — c and we get a 
Thom isomorphism 

Hm ^ h;.,,{e) ^ h:+^{e) 

I* ^ — Ut 

which is a model for our next proposition. 
Dually we have a Thom isomorphism in homology 

rn-:Hiiy''^{E)^Hf'^(E) 
and again as a special case when ip — c 

HUn{E) ^ Hl\E) ^ H:{B) 

rn— I* 

If moreover both E and B are oriented manifolds then their fundamental classes have 
to correspond under this isomorphism, at least up to a sign. One can verify that 
they correspond precisely (not just up to a sign) if the orientation of the fibres of p is 
chosen in such a way that the (local) trvialization E x B preserves orientations 
(with the fibre on the right we would have to introduce a sign) . 

All of the above applies equally well to the Cech cohomology groups: let X C M be 
a subspace of a (paracompact) topological manifold M. It is well-known that 

H*{X) ^ colim H*{U) 

where U ranges over any cofinal system of neighbourhoods of X in M. Let </? be a 
paracompactifying family of supports on M. Then for the Cech cohomology with 
supports in (p 

H;nxiX) ^ colimH*{X,X - F) 
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we have similarljl^ 



with U ranging over any cofinal system of neigbourhoods of X. If X is closed then 
the closed neighbourhoods of X form such a cofinal system and in this case 

H;^jX) = co\imH;^^iU) 

In particular 

H:iX)^co\imH:iU) 

Here it is important to restrict to closed neighbourhoods (otherwise the maps in this 
system would not have been even defined). 

Proposition D.l. Let p : ^ B"^ be a vector bundle where both E and B are 
oriented (paracompact) topological manifolds and let j : X C E be any closed subset. 
If we think of B as a submanifold of E via the zero section i : B ^ E then the 
following diagram commutes 

H,{B, B-X) > {E, E-X) 



HT'*{B n X) ^ H^-rM) Hr*iX) 

where t G H^~"^{E) is the Thom class of p and Oe G H'^{E), Ob G H!^{B) are the 
fundamental classes. The maps denoted by cap products are the Alexander duality 
maps and will be described more closely in the proof. 

Proof. The map denoted by — n in the diagram should be interpreted as 
follows. If U is any closed neighborhood of X then oe gives rise to a class in 

H^^{E,E-X) = H:iU,U-X) 

Let us call this class ^e- Hence, using the cap product 

H^-*{U) (E) H^{U, U-X)^H,{U,U- X) 

we get a homomorphism 

H:^-*{U) H,{U, U-X)^H,{E,E- X) 



""^This isomorphism follows from the following facts: if ip is paracompactifying, then it is also 
paracompactifying for the pair {M,X) (see Definition II. 9. 14. of [BreJ; the additional property 
that any F n X ip H X has a fundamental system of paracompact neighbourhoods holds as in a 
metrizable space M every subset is paracompact). This implies (Proposition II. 9. 15. of |Brep that 
X is (/3-taut (for the Cech or sheaf cohomology; again on paracompact spaces they agree), i.e. 

with U running over a fundamental system of neighbourhoods. Restricting to the cofinal system of 
open neighbourhoods one can replace H^f^uiU) by Hi^riui^)- Here one uses the fact that ip OU is 
again paracompactifying and that U is homologically locally connected in all dimensions (see Section 
IC.2[) . Hence the canonical map H^^^{U) H^^^{U) is an isomorphism. 
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Taking a colimit over all closed neighborhoods U of X we get the map from the 
statement. Hence the proof is reduced to the commutativity of the diagram 



H4Bnu,{Bnu) -X) 
H^-*{Bnu) <- 



>H,{U,U-X) 



g' y ^ . ■ _u/i*r 

where g : B (1 U U and h : U ^ E are the inclusions. The part of the diagram 
on the left commutes by the naturality of cap products. The commutativity of the 
triangle on the right is proved using 

{x U h*T) n^E = xn {h*T D^e) =xn g^B 

The second equality is an easy consequence of r flog = i^OB, which was observed just 
before the proposition. □ 

If k* is an isomorphism this gives an intrinsic description of the transfer map 

= P-\Pb : H^-*{B nX)^ Hc~*{X) 

where Pb and Pe are the two duality maps in the statement of the proposition. 

In the general case let D^E be the e-disk subbundle of E, iD^E its interior and S^E 
its boundary, the £-sphere bundle. For simplicity we use 

XA^Ar\x 

whenever ^4 is a subspace of E. The proposition still holds with E replaced by iD^E 
and we have a diagram 



H4B,B-X) 

-noB 



H^{iD^E,iD^E - X) 



HT-*{Xn,E) 



-Ure 



with and being the restrictions of the Thom class 

r e H^'^^iE) = H'^-'^iD.E, S,E) 

Lemma D.2. The following diagram commutes 

H^{iD^E, iD^E - X) > H^{E, E - X) 

H'r*{X,n,E) > Hr*{X) 



He *{XDeE,Xs^E) 



H^-*{X,X-{iD,E)) 
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where all the unlabeled maps are induced by respective inclusions. 



Proof. The commutativity of the top square is obtained from the commutativity 
of the outer square of 

HMd.e, UiD^E - X) H,(U, U-X) 



Hr*{UiD.E) ^H--*{U) 



(note that — i'*iCiDeE)) first by passing to the cohmit over all compact F C Uid^e 
to get commutativity of the upper square and then by passing to the colimit over all 
closed neighbourhoods U oi X. The bottom part of the diagram from the statement 
commutes obviously □ 

By taking a (co)hmit £ ^ both the maps A;* and Z* induce isomorphisms 

colim^-T;(X,^^E) 




colmi H^-*{Xd,e) 

and we get at least some (intrinsic) description of the transfer map by pasting the 
two diagrams together. 

Theorem D.3. The transfer map v : H^-*{B nX)^ H^~*{X) is the colimit of 

HT-\Xb) ^ Hr*iXn,E) H:-*{Xd,e,Xs,e) ^ 

^ H^-*{X,X- {iD,E)) — > Hr*iX) 
where the first map becomes an isomorphism in the colimit. □ 



APPENDIX E 



Transversality of maps from preimages of other maps 



This appendix is rather unrelated to the rest of the thesis. It seemed to be important 
for the proof of the main theorem but turned out not to be. It gives an equivalent 
condition to a transversality of a restriction of a fixed map (7 : P — > M to a preimage 
f~^{A) of a submanifold along a map / : P — > in terms of transversality conditions 
of / itself. An the end we prove that this property is generic in the sense that such 
maps form a residual subset. 

Lemma E.l. Let 

f-\A) >A 

P P 
j 

g-\B) ^ — > P ^ M 

9 

>N 

be a diagram of smooth manifolds and smooth maps between them where the maps 

denoted by > are inclusions of submanifolds and where we assume that f &\ A and 

g &\ B. Then the following conditions are equivalent: 

(i) gj rh B 

(ii) fi&\A 

(iii) f-\A)^g-\B) 

(iv) {f,g)(f\Ax B where {f,g) : P ^ M x N 



Proof. Let us start first by showing that (i), (ii) and (iii) are equivalent. Because 
(iii) is symmetric it is enough to show the equivalence of (i) and (iii). But (i) is 
equivalent to the map 

induced by g being surjective for every x e /~^(A) fl g''^{B). Because of the assump- 
tion g (\) B, we have a commutative diagram 

TJ-^{A) >Tg^,)N/Tg^,)B 



T,P/T,g-\B) 
and so (i) is equivalent to (iii). 
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Let us deal with (iv) now (which we actually do not need in the following). It can be 
phrased as a surjectivity of the map (induced by (/,(?)) 

: T,P ^ (T(M X N)/T{A x ^ (TM/rA)^(,) © {TN/TB),(^,) 

for every x G f~^{A) Cig^^lB). Assuming (i) and (ii) the image under if of Txf~^{A) 
is © {TN/TB)g^^) and the image of T^g"\B) is {TM/TA)f(^^) © and so is 
surjective. Assuming the surjectivity of if on the other hand we can find u G T^P 
mapping to (0, v) by (p for any choice of v. Necessarily u G Txf~^{A) and so the map 

TJ-\A)^Tg^^)NlTg^,)B 
is surjective. This is condition (i). □ 
Construction E.2. Let D be a (i-dimensional manifold and 

Diff(M^O) = G'o,diff(M^M^)o 

the groupQ of germs at of local diffeomorphisms M*^ fixing 0. Define a principal 

Diff (M'^, 0)-bundle 

Chartsz) = G'o,difr(K"', D 

of germs at of local diffeomorphisms M.'^ ^ D. If F is any manifold with a (smooth 
m some sense action of Difr(M'^, 0) then we can construct an associated bundle 

D[F] := Charts/) XDiff(Kd,o) ^ — ' D 

Any bundle of this form will be called local. Observe that this construction is functo- 
rial in D on the category of (i-dimensional manifolds and local diffeomorphisms. As 
an example the bundle J^'{D, N) of r-jets of maps D ^ N is a local bundle as 

D[Jo^(M^ N)] = Charts^ XDifr(M.,o) J^oi^'', N) = r{D, N) (E.l) 

where Jq{M.'^,N) is the subspace of J^{M.'^,N) of r-jets with source 0. The bijection 
is provided by the map 

[u,a] ^ a o j1^q^{u-^) 

Having a Diff (M'^, 0)-invariant submanifold B C J^{R'^,N) we get an associated sub- 
bundle D[B] C J^{D,N) for any (i-dimensional manifold D. This allows us to talk 
about jet transversality conditions on a map D ^ N without specifying what D (and 
hence also r{D, N)) is. Let us fix such a 5 C JJ(M'^, N). 

Using flE.ip one can easily see that j^(/i) G J!^{D,N) lies in D[B] iff in some (and 
hence any) chart u G Go^disi^'^, D)^ the local expression jQ^hu) of jl{h) in the chart 
u lies in B. 

Lemma E.3. For h : D N the following conditions are equivalent 

(i) K ■■ Jo%m(^^^) Jo(M'^, A^) IS transverse to B 

(ii) f{h) : D .r{D,N) is transverse to D[B] 

where the "imm" index means we take the subspace of jets of immersions. 

we wanted to give Diff(M'^,0) a topology we could do so by inducing the topology via the 
map Difr(R'^,0) ^ j;fiR'^,R'^)o. Or one could replace Difr(M'',0) by its image - the subspace of 
invertible oo-jets. 
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Proof. Taking the associated bundles (i) is obviously equivalent to the transver- 
sality of 

to D[B]. Let j^{k) G ^^^^{D, D)y be an r-jet of a diffeomorphism k : V ^ W 
between open subsets of D. Then we have a diagram 



" imm 



T 



iV,D) 
{W,D) 



h. 



r{v,N) 



^V[B] 
W[B] 



Now jxik) in the top left corner is mapped by fc* down to j^(id). Hence we see that 
it is enough (equivalent) to check the transversality only at j^(id)'s for aA\ y G D for 
which h^:{jy{id)) = jy{h) G -D[-B]. For such y the same diagram shows that every 
jl{k) with target y is mapped by /;,* to D[B]. Thus the whole fibre over y of the 
target map 

is mapped to D[B]. The target map r has a section 

fiid):D^J[^jD,D) 
and so (i) is finally equivalent to the composite 



D 



J[^^iD,D)^r{D,N) 



being transverse to D[B]. This is (ii) 



□ 



We say that a map g : P —>■ N is transverse to B, denoted g &\ B, if 

is transverse to B. This is the case for example if is a submersion. When r = this 
is equivalent to the usual transversality of a map to a submanifold. Let f ifi A where 
f : P —y M and i : A C M is a submanifold. Then we have the following diagram 



J^,i^^(M^ f-\A)) c > jr(R<i, /-1(A)) 



•^0,imm( 



P) 



f* 



^A) 



M) 



where both squares are puUbacks. This can be easily seen in local coordinates. Also 
is a submanifold inclusion and /* rtl z*. Combining Lemma [E.ll with Lemma [E.3I 
we get: 

Lemma E.4. Let 

r\A) >A 



P 



f 



N 
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be a diagram of smooth manifolds and smooth maps between them where the maps 

denoted by '■^ > are inclusions of submanifolds. Let us assume that f (\\ A and 

g (\\ B where B C Jo(M"', A^) is a Diff (M*^, 0)-invariant submanifold with d = dimP + 
dim A — dimM. Then the following conditions are equivalent: 

(i) f{g3)(hf-HA)[B], where 

f{gj):f-\A)^r{f-\A),N) 

is the jet prolongation 

(ii) /*|y rh ^0(^*^5 inhere Y = {g^:)~^{B) is defined by a pullback diagram 

B^ >J^{R'^,N) 

Proof. Applying Lemma [E. II to the diagram 

Y ' > ^^,imm(K', P) J'oi^', M) 

a* 

B^ ^ J^'(M^A^) 

gives an equivalence of (ii) with transversality of 

to B. By Lemma [E. 31 this is equivalent to (i). □ 

Now that we know how / controls the transversality of a map defined on the preimage 
of some submanifold, we would like to see that this transversality condition 
(any of the two equivalent conditions in Lemma IE.4I) is generic. This is indeed the 
case. We first prove a more general result which at the same time happens to gener- 
alize the Thom Transversality Theorem. 

Lemma E.5. Let D, M, N be manifolds, Y c J[^^{D,M) and Z c J''{D,N) sub- 
manifolds. Let us further assume that ay <^ <yz, where 

aY = cT\Y:Y C r{D, M) ^ D and az = <y\z ■ Z C. r{D, N) ^ D 

are the restrictions of the source maps. For a smooth map f : M ^ N let f^:\Y denote 
the map 

YcJUiD,M)-^riD,N) 

Then the set 

X:= {feC°°iM,N) I f,\Y(f^Z} 

is residual in C°°{M, N) with the strong topology, and open if Z is closed (as a subset) 
and Ty : Y ^ M proper. 



E. Trans VERS ALiTY of maps from preimages of other maps 



86 



Proof. This is an application of Lemma [3.11 We have a map 

a : C°°(M, N) C°^{Y, r{D, N)) 

sending / to /*|y. This map is continuous in the weak topologies. Clearly X = {/ G 
C°°{M, N) I «(/) rtl Z}. We have to verify the conditions of Lemma [3. II 

Let /o G C°°{M,N) and K C Y , L C Z compact disks. We can assume that t{K) 
lies in a coordinate chart = U M and that t{L) lies in a coordinate chart 
^ \/ C A^. We use these charts to identify U with R"" and V with M" when 
needed. Let X : U ^ M be a compactly supported function such that A = 1 on a 
neighborhood of r{K) f] /o~^(r(L)) and such that A = on f/ - /o"^(^). 

We set P := j;(M™,M") = Jl{U,V) and identify it with the space of polynomial 
mappings U ^ V. Then we get a map 

sending g to the function /q + Xg where the operations are interpreted inside V via 
the chart. It is continuous in the strong topology and the map 

7 = {al3f -.PxY-^ r{D,N) 

is smooth. Thus it is enough to show that (after a suitable restriction) 7 iti Z. Clearly 
7 sends {g,j!^{h)) to j!^{{fo + Xg)h). Suppose now that h{x) & W := intA^"'^(l) so that 
this equals to j^(/o^ + gh). By restriction we get a map 

S:P^Px{j:ih)}^j:{D,V) 

In the affine structure on J^(-D, V) inherited from the chart 6 is clearly affine. Iden- 
tifying P with Jh(^^^{U, V) the linear part of 6 is just a precomposition with h 

h* : r,^,0,v) ^ j:{d,v) 

The map h, being an immersion, has (locally - near x) a left inverse vr which then 
gives a right inverse tt* of h* and so the linear part of 6 is surjective and hence it is 
a submersion. 

In the horizontal direction our transversality condition ay rtl ctz applies and so 7 rtl Z 
on P X Ty^{W). If f : M N is close enough to /o then 

T{K)nf-\TiL))cw 

and in particular there is a neighbourhood P' of in P such that j3{P') consists only 
of such maps. Therefore the restriction of 7 to 

P' xK — > r{D,N) 

is transverse to Z. 

If Ty happens to be proper then a is continuous even in strong topologies and X is a 
preimage of the open subset of maps f : Y J'^{D, N) transverse to Z. □ 

Corollary E.6 (Thom Transversality Theorem). Let M, N be manifolds, Z C 
J^{M,N) a submanifold. Then the set 

X:={feC^iM,N) I j7rhZ} 

is residual in C°°{M, N) . If Z is closed (as a subset) then it is also open. 
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Proof. We apply Lemma [K5] to D = M and 

Y = M ^ > r{M, M) 

M 

As (Jy = id = Ty it is both proper and transverse to az for any Z. □ 

Corollary E.7. Let M, N he manifolds, Y c J^i^^(M'^,M) and Z c J'q{W^,N) 
suhmanifolds. Then the set 

{feC^{M,N) I /.|y rhZ} 

is residual in C°^{M, N) with the strong topology, and open if Z is closed (as a subset) 
and Ty : Y ^ M proper. 

Proof. Under the natural identifications 

we can apply Lemma [K5] to D = M^, M, N and 

OxYCJ[^jR'',M) 
R'^x Z cr(R'^,N) 

□ 
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